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EDITORIAL

Some viears ago INE - Instituto Nacional de Estatistica — launched a sta-
tistical journal. R eista de Estatistica / Statistical Review, intended to fill the gap
of scientific publication i the area of statistics, in Portnguese. This was thought,
at the time, ro bhe an himportant step towards the normalization of Portuguese
scientific terms in the area. The editorial board, inspired by D.R. Cox authorita-
tive paper on “The Cirrent Position of Statistics™ (IS Review, 1997), also tried
to bring together the academic and official statistics interests, through a careful
plaiming of invited papers. and we feel happy to acknowledge that those initial
goals have been fullv accomplished.

When the editorial board decided to publish a special issue containing the
extended abstracts of invited and contributed papers presented at the 23rd Euro-
pean Meeting of Statisticians, the time seemed to be ripe for internationalization:
aside from the printing know-how, some of us had gained, under the leadership
of Anthony Davison. experience in the editorial and refereeing process, and could
make the first contacts to build up a sound editorial board during the meeting.

Under the fuviration of INE, I have accepted in 2002 to take charge of the
first steps of thisx new journal, REVSTAT. Together with the direction of INE,
a rich board ol associate editors has been chosen - and we take the opportunity
to thank the very prompt and friendly response of the statistical community.
This editorial hoard. representing a broad field of interests in Probability, Statis-
tics and their applications. reflects our purpose of accepting contributions in any
of these areas. bhasing our decisions only on creativity and merit, upon the rec-
ommendation of veferees. The Jaunching of REVSTAT has been slower than we
would hope for. and we renew our invitation to all researchers in Probability,
Statistics. or their applications, to consider REVSTAT as a suitable scientific
journal to publisli their achievements. Our comntitment is to deal with submis-
sions fast. and to guarantee quality of the new journal through the appraisal of
expert referces.

Once again. in my nante and in the name of INE, thanks to all those who
gencrously have donated their time and efforts to this enterprise.

M. Ivette Gomes
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Abstract:

e In several applications data are grouped and there are within-group correlations.
With continuous data, there are several available models that are often used; with
counting data, the Poisson distribution is the natural choice. In this paper a mixed
log-linear model based on a Poisson—Poisson conditional distribution is presented.
The initial model is a conditional model for the mean of the response variable, and
the marginal model is formed thereafter. Random effects with Poisson distribution
are introduced and a variance-covariance matrix for the response vector is formed
embodying the covariance structure induced by the grouping of the data.
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e log-linear models; grouped data; random effects; mized models; overdispersion;
iterative reweighted generalized least squares.
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1. INTRODUCTION

In many applications in biology, agriculture, engineering and economics,
for instance, grouped data reveal within-group correlation. For continuous data
there are several available models which are used. These include Variance Com-
ponent Models and Mixed Models (Laird and Ware [2], Pinheiro and Bates [6])
which embody fixed and random effects. Both models are based on the Multi-
variate Normal distribution, which has friendly properties, as the marginal and
conditional distributions are still Normal.

Goldstein [1] gives several examples where ignoring the group structure can
lead to imprecise estimates, confidence intervals and significant tests. He alerts
that grouped data should be modelled respecting its particular structure.

A mixed log-linear model based on the Poisson—Poisson hierarchical distri-
bution will be presented for grouped count data. The initial model is a conditional
model for the mean of Y, and the marginal model is derived afterwards. It will be
shown that building the model this way and introducing random Poisson effects, is
a means of introducing overdispersion in a pseudo-Poisson model (overdispersion
is said to exist when var(Y) = ¢ E(Y), ¢>1). Moreover, the variance-covariance
matrix is built for the response vector Y, which embodies the covariance structure
induced by the grouping of the data.

Several authors (McCulloch and Searle [5], Vonesh and Chinchilli [7]) have
made references to some mixed models based on Poisson—-Gamma or Bernoulli—
Beta distributions as they are conjugate families. Starting from a model where
Yi;|b; follows a Poisson law and b; a Gamma one, and as the Yj;|b; are con-
ditionally independent, the derived density function for Y;, a density product,
is computationally unfriendly. In this paper a practical and simpler approach
is proposed, that starts from a Poisson—Poisson model and uses the marginal
moments of the response variable. The parameters are then estimated, with the
iterative, non-linear, generalized least squares method.

In this presentation, attention is given to the simplest case of a single
random effect. This is not as restrictive as it seems because, as was referred
above, it portrays a situation of overdispersion with within-group correlation.

2. THE LOG-LINEAR CONDITIONAL MODEL

Consider M groups, with n; observations per group (counts), where a
within-group correlation structure is expected. Define the mixed log-linear model
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Here Y; = [Yi1 ... Y;ni]T is a random vector n;x1, b; is a random variable
(I1x1), X; is a known model matrix of order n;xp, 3 is a px1 vector of unknown
fixed parameters and 1,, is a vector n; x1 of ones. Y; and b; are independent for
different 7’s.

Consider that each Yj;|b; is a random variable conditionally independent
for different j’s following the Poisson law

K]|bz ~ P<exp {X?ﬁ+bz}> s 1=1,.. M, 7=1,...,n;,

where XJT is row j of the model matrix X; and 3 is the same as before. Let

by ~ P(6;) ,
0; >0,

independent for different ¢’s.
Hence E(b;) = var(b;) =6;, i =1,..., M.

Note that Y, the vector of all the random variables, is an N x1 vector
which is partioned as M components Y;, each of which is a random n;-vector,
1=1...,M,

Y11
Yo
Y, }
Y, :
Y = : = }/lnl
: Yo1
Yy ;
L YM”M i

N is the total number of observations, N = Zf\il n;. Note that cov(Yj;, Yir) # 0,
Jj #k, ie., the Yj; for j =1,..,n;, are not independent as they represent the
same group, but they are independent for different i’s (groups). Each b; random
variable is introduced to portray the situation of within group correlation for
group %, 1 = 1, ..., M.

3. THE MARGINAL MODEL FOR Y

The parameter estimates are computed from a model based on the marginal
moments of Y. The mean value, variance and covariance of the Y marginals are
then computed.

Let Y;; be the variable that corresponds to the j-th observation in group 4,
i=1,...,M, j=1,..,n; Asitis assumed that Yj;|b; ~ P (exp {X]T,@—i—bi})
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and bi ~ P(Gz),

E(Yy) = By, [E(YVylb)
= E(exp{x]TB + bz})
— exp{xT B} M, (1) |

where M, (+) is the b; moment generating function. Then

E(Yy)

exp{x;rﬁ} exp{(e—1)6;}
= exp{xjrﬁ + (e—1) 91} ,

where e is the Neper number, and

log [E(Yij)] = xjrﬁ—i— (e—1)0; .

Note the offset, (e—1)#6;, that comes out in the marginal expected value
of Y;;, derived from the introduction of the random effect b; in the conditional
model.

For the Y;; variance,
var(Y;;) = var [E(Ymbl)] +E[Var(}/;j|bi)}
= var (exp{x;‘rﬁ + bz}) + E(GXP{X]T,@ + bz})

- efef08 1)) - [E(ewfigi o)

+ E(exp{x?ﬁ + bz}>
— exp{x] B} |exp{x] B}M;, (2) — exp{x] BHMp, (1)) + My,(1)]
= E(Y;) exp{xf,@} %Zzgg - exp{x]TB}Mbi(l) +1

It is known that the distribution of ¥;; is not Poisson, but it may be called
pseudo-Poisson with overdispersion. Note that

var(Yi;) = ¢ E(Yy)
where the contribution of b; for the “overdispersion component” is highlighted,

Mbi(2)
Mbi(l)

v = exp{x; B} — exp{x] B} My, (1) + 1 .
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Finally,
var(Y;;) = exp{x?,@} exp{(e—1)6;} x
exp{(e?—1)6;}
X [eXp{X;"FB} oplle—1)0,) exp{x] B} exp{(e—1)6;} + 1

— exp{2x] B} |exp{(e?~1) 6} — exp{2 (e~1) 03}
+ exp{x] B} exp{(e—1)6;}

= C(6;) exp{2 X;F,B} + K (6;) eXP{X?B} )

where

C(0;) = exp{(e®*—1)6;} —exp{2(e—1)6;} ,
and
(3.1) K(0;) = exp{(e—1)0;} .

For the covariance, with j # k, and for the ¢ group,

cov(Yij, Yir)

cov | B(Yijlb:), E(Viglbs)| + B [cov(Yig, Yirlby)|

= cov| B(Y;lb:), E(Yiklbi)| + E(0)

= exp{x;j B +x;. B} varlexp{bi}]

= exp{x] B+ x[ B} [M,(2) - (M,(1))?]

= exp{x] B+ x[ B} [exp{(e?~1) 6} — exp{2(e—1) 0:}
= C(0:) exp{x] B+ xB} .

3.1. Parameter estimation

The parameter estimates are obtain minimizing

B > (vi - K6 exp (X 8)) Vi (i~ K(6) e {X:8))

=1

where y; is a n;-dimension vector of responses and K (#;) = exp{(e—1)86;},
1 = 1,...,M. Matrix V;, the variance-covariance matrix of Y;, is symmetric
of order n; x n;, with generic element v;:

Vz‘ = [Ujk] 1= 1, ...,M s

j?kilr"?ni ’

v;; = C(60;) exp{2 xJTB} + K(6;) exp{ij,B} ,
vik = Cl0) exp{x; B+x.B}, j#k.
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As V; depends on B and 6; it becomes necessary to apply an iterative
method. It is possible to apply the IRGLS — Iterative Reweighted Generalized
Least Squares method. This is an improvement of the Estimated Generalized
Least Squares (EGLS) procedure which iterates using updated values of VZ-(BA, 9})
to wash out any inefficiency associated with the initial estimates of 8 and 0;.
At each iteration V; is updated using current estimates of the parameters. TRGLS
may be applied to small or moderate samples (Vonesh and Chinchilli [7]).

Let 6 = (01, ...,0)) and 7 = (8, 0). IRGLS corresponds to solving a set of
generalized estimating equations (Liang and Zeger [3]):

M
U(r) =) Ui(3.6:) =0,
=1

or
M
i=1

where D;(3,0;) = Opi(B.0:) and p;=FE(Y;). A solution to (3.3) can be obtained

(B, 0;)T

using the Gauss—Newton algorithm whereby estimates of 7 are updated as
#FD = 20 L q(#0)UF®) |

with

-1

Q(#0) = ED?(ﬂA(t),éit)) v 40 s 6

3.2. Inference and asymptotic properties

It is known (Vonesh and Chinchilli [7]) that the 7 IRGLS estimator, under
regularity conditions that are usually satisfied, is asymptotically strongly con-
sistent and has a Normal asymptotic distribution with mean zero and variance
matrix given by:

" 1
Q(F) = var(?) = !Z D?(ﬂaei)vi1(ﬁ79i)Di(ﬂ79i)] :
i=1

In terms of inference var(7) is replaced by
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To protect against possible misspecification of V;(3,6;) one can use, if
necessary, robust inference based on the robust estimator suggested by Liang
and Zeger [3],

where

3.3. Computational issues and model linearization

To optimize the objective function (3.2), it is advisable, in practical and
computational terms, to find a linearization of the model that transforms the
expected value of the variable in a linear function of the parameters 3, as it
simplifies the objective function and the variance-covariance matrix considered
in it.

Let pij = E(Yij) = K(6;) exp{x?ﬁ} and n;; = log(pi;). Consider the new
random variable
dnij

Gij = 1ij —log [K(0:)] + (Yij — pig) 7 = 5
Hij

then
E(Gij) = nij —log [K(0;)] = x] B,

which is linear in 3.

Or
1
Gj = %) B + (Yij — pij)x —
Hij
Y..
T ij
=x;03 + —-1.
’ K (0;) exp{x] B}

Let ¢ be the Nx1 vector, ¢ = [¢] (3 ...cﬂ]T, ¢ =[Gt Gz e Ciny)T
1=1,....,.M and W the block diagonal variance-covariance matrix in (,
W = @f\i 1 W;, where W; is a matrix n;xn;, symmetric, with generic element
wjg. For each group 4, 1 =1,...,M and j =1,...,n;,

wjj = var(Gy)
2
= ! var(Y;;)
[K (6:) exp{ijﬁ}] Y
C(6;) n 1
[K(6:))* K (0:) exp{x]B}
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(3.4)

where X is a model matrix of order Nxp, ¢ is a N x1 vector, { = [C{ ¢ - Cus

On the other hand, for j # k in the i group,
wix = cov(Gijs Gik)
cov(Yij, Yir)
K(0,) exp{x! 8} | | K (6:) exp{x] B}
C(6;)
[K(0:)]"

The minimization problem (3.2) becomes equivalent to,

min(¢ — XB8)TW™(¢ - X3) ,

T T]T

)

M
Ci = [Czl Ci? Qni]T, 1= 1, ,M and W = @W“ Wl = [wjk]j,kzl,.. with

Lng?
yfve
=1

wer = CO) 1
K (6:) K(0:) exp{x/B}
o C(6;) .
TR

The following algorithm is proposed.
Algorithm:

Let ¢ = 0. Obtain initial estimates for 3, ,3(0).

A log-linear model considering all variables as independent can be used, so
that,

logp =Xg ,

where p = E(Y), Y is the Nx1 vector of all variables, each obeying a
Poisson law with mean p;;, 1=1,..., M, j=1,...,n;, X is a model matrix of
order Nx p, and 3 is a p x 1 vector of unknown parameters to be estimated,
. . . . ~(0) .

considering in 3 all the main effects of the model. Thereby B( ) is found
and it will be used in 4.

Obtain initial estimates for 6;, égo), i=1,..., M.

The estimates can be initialized near zero, or can be obtained by finding the
Ordinary Least Squares estimates 6;, that minimizes the objective function

%(yi k@) esp(XiB"Y) (vi - KO exp(X,3"Y) |

=1

where ,3(0) was found in 1.
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A A (®
Compute Ki(t):K(Gl-t)), C’i(t):C(th)), following (3.1) and also AP= &

SRS
i=1,.., M.

Compute
& = <73 ¢ = Yij -l =L M, j=1m
K, exp{x]Tﬁ }
Wz(t) = JnlAEt) + dlag{ 1 A(t) } ) Z: 17 7M ’
K exp{X;8"}

(where J,,, is a square n; dimensional matrix of ones and X;3 is a n;x1
vector with elements ijﬁ, j=1,...,n),

-~

WO — diag {Wgt),...,wg@)} :
S0 _ [W“)Tl ,

Update B(tH) and él(tﬂ) that minimize

¢ —Xp)T £V (¢ -Xp),

where X is a model matrix of order N xp, ¢ is a N x 1 vector,

¢=[¢T ¢ CZZ\ZI]Ta ¢i=1Gi1 G2 o Ging) ", i =1, M.

Let t =t + 1. Iterate steps 3 to 6 until the estimates have all stabilized.

Notice that the algorithm uses the IRGLS estimation.

In the final model the fitted values are given by
Qij :K(él)exp{ijEl} y izl,...,M, j: 1,...,ni .

Note the i-group effect K (6;) present in the fitted values.

In summary, in this proposed modelling strategy, the starting point is

a conditional model in Y;|b;, considering log [E(Y;|b;)] = X8 + 1,,,b;. A distri-
bution for the random variable b; is introduced that allows correlation structure

representation within the groups. The parameters are then estimated using the
IRGLS method, based on Y moments.
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4. A MODELLING EXAMPLE WITH WATER SAMPLES

The total number of coliforms (rod-shaped bacteria) in a water sample
is measured in MPN/100ml, number of coliforms (in thousands) per 100 ml of
water.

A set of grouped data is analyzed here. The number of coliforms in three
collection spouts was registered in Lis river of the Leiria district, Portugal, in 54
occasions [source: INAG, Portugal].

The data is presented in the following graphics by temperature and pH
which are the covariates of the modelling process.
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Figure 1: Number of coliforms by temperature.
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Figure 2: Number of coliforms by pH.
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Observing the earlier graphics no systematic pattern is observed. However,
looking at Figure 3, which represents the same observations per group — Amor,
Milagres and Ponte das Mestras collection spouts, a dependence between the res-
ponse variable and the covariates is highlighted. It may be also noticed that the
response behaves differently for different groups.

1 1 |
PONTE MESTRAS

N 20

AMOR MILAGRES

Number of Coliforms (1000MPN/100ml)

Temperature

Figure 3: Number of coliforms by temperature and captation.

PONTE MESTRAS
307 H

257 r

207 r

MICAGRES

AMOR

Number of Coliforms (1000MPN/100ml)

55 6.0 65 7.0 75 8.0
pH

Figure 4: Number of coliforms by pH and captation.

In fact, at Ponte das Mestras and Milagres, the number of coliforms seems to
follow the temperature and pH increase. However, at Amor, this is not observed.
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The response variable, the number of coliforms, is a discrete variable (count-
ing), suggesting a model based on some Poisson distribution and the method
described earlier was implemented. This was done using S language and a small
program that supports the method.

The modelling process will start with a log-linear Poisson model (point
1 of the proposed algorithm) considering all the variables as independent, and
therefore, 3 initial values are obtained.

Considering the linear predictor
Bo + p1temp + B2 pH |
BO = 1.22, Bl = 0.01 and Bg = 0.23 are obtained, where temp is the temperature
covariate. Overdispersion is observed in the model.

The 6;, i = 1,2,3, parameters were initialized near zero.

It was observed that models with an intercept (5y) have worst conver-
gence, so all the models were considered without this parameter. Starting from
B%O) = 0.02 and Béo) = 0.39, which were obtained from a log-linear Poisson model
without intercept, the proposed methodology leads to the estimates

Bi =003, PB=014, 6 =0.77, 6,=0.98 and 65=1.00,
where 6 comes from Amor, 0 from Milagres and 03 from Ponte das Mestras.
However the 31 and Bg standard errors were estimated as 0.02 and 0.09,

respectively, so they are not jointly significant. The 6; standard errors were all
significant.

So the models whose linear predictor has only one covariate, temperature
or pH, will be compared.

Model Objective function (3.4)
with linear predictor value
(b1 temp 78.10
B2 pH, 81.77

The model with the temperature covariate is chosen, as it has a lower value
for function (3.4). The following estimates and standard errors were obtained in
the selected model.

Parameter Referred to Estimate | Standard Error
051 temperature 0.04 0.01
01 Amor 1.16 0.16
02 Milagres 1.49 0.13
03 Ponte das Mestras 1.48 0.14

The normalized residuals are concentrated in [—2.04,1.16].
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It can be noticed that the water temperature influences the number of
coliforms, because the coefficient of the temperature covariate is significant, al-
though it has a low estimate (; = 0.04). The number of coliforms increases
with water temperature, but not in the same way in all the spouts. In fact, in
Amor this is not evident, thereby the correspondent ; estimate is the lower one.
Probably, in this group, there are some other factors important to the coliform
concentrations that were not considered here.

The select quasi-log-linear model, based on the quasi-likelihood function
(as overdispersion is present), has linear predictor By + (B2 pH, considering pH
the most significant covariate, but this model has no better fit than the mixed
Poisson—Poisson considered in this paper.

As a result, clusters in data should not be ignored. It is possible to model
grouped count data with the mixed Poisson—Poisson model and the algorithm
proposed above. This methodology estimates the fixed and covariance parameters
respecting the between groups correlations structure. Using the IRGLS method
it becomes possible to obtain consistent estimates.
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Abstract:

o Let X ={X,},>1 be a T-periodic sequence. We define a family of local dependence

conditions Dgﬂk) (u), k > 1, and calculate the extremal index fx from the distributions
of k consecutive variables of X. For a periodic sub-sampled sequence Y = { X () }n>1,
where g generates blocks of I; observations separated by J observations, we present
results on local and long range dependence conditions and compute the extremal index
Oy .
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1. INTRODUCTION

In this paper we consider that X = {X,,},>1 is a T-periodic sequence of
random variables, i.e., there exists an integer T' > 1 such that, for each choice
of integers 1 < iy < ... < ip, (Xiy,...,X;,) and (X, +7, ..., X;,+7) have the same
distribution. The period T" will be considered the smallest integer satisfying the
above definition.

We say that a T-periodic sequence X has extremal index 6x when, V7 > 0,
Jul = {ug)}nzl such that

T
) -
and
lim P(maX{Xl,...,Xn) < u(T)) = e 0x7

n
n—oo

The elements of u(™ are called normalized levels for X.

Such as happens for stationary sequences, the extremal index of a periodic
sequence (Alpuim ([1]), Ferreira ([4])) enables us to infer the limiting behaviour
of M, from the limiting behaviour of M,, = maX{Xl, ceny Xn}, n > 1, where X =
{Xn}n21 is a periodic sequence of independent variables such that F, = Fg,
Vi > 1. Specifically,

n
n—oo n—oo

Ox
lim P(max{Xl, vy X)) < ug)> = ( lim P(maX{Xl, vy X)) < u(7)>>
holds true.

By evaluating its extremal index 6x, we describe in section 2 the asymp-
totic behaviour of the partial maximum M, = max{Xi,...,X,}, n > 1, under
the condition D(u) of Leadbetter ([5]) and a local dependence condition that
generalizes the D(*)(u) of Chernick et al. ([2]).

In section 3 we give sufficient conditions for the analogous dependence
conditions to hold for a sub-sampled sequence Y ={X(,)}n>1 and we relate the
extremal indexes fx and fOy.

There are important situations in finance, for instance, where it seems
reasonable to sub-sample the process by blocks matching them with bussiness
periods (Dacorogna et al. ([3])). For a complete description of the extremal
behavior of sub-sampled sequences Y from moving averages X with regularly
varying tails see Scotto and Ferreira ([10]) and references therein.

Robinson and Tawn ([9]) pointed out the importance of the sampling fre-
quency on the extremal properties and they have showed that if the sequence
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X = {X,}n>1 and the sub-sampled sequence Y = {Xp,},>1 have extremal in-
dexes 0x and 0y, respectively, then

T-1 .
J )
Ox < Oy < TOx 1—Z<1—f>ﬂ(3) ;
7j=1
where I1(j), j > 1, are the asymptotic cluster size distributions for X. Moreover,
the upper bound is obtained under the condition D" (uy,) from Leadbetter and

Nandagopalan ([6]).

Our results in section 3 enable the computation of the extremal index of
periodic sub-sampled sequences Y={X g(n)}n21 for g such that limnﬂm@ =G,
under a family of local dependence conditions for T-periodic sequences. They
generalize the main result in Martins and Ferreira ([7]) concerning stationary
sequences satisfying the condition D”(u,) and g defined as g(n) = (n—1) mod I+

T2 =

2. COMPUTING THE EXTREMAL INDEX UNDER D" (u)

We introduce a family of local dependence conditions for T-periodic se-
quences satisfying the long range dependence condition D(u) from Leadbetter
([5]). The sequence of dependence coefficients in this condition will be referred
as oXw) = {afﬁ’u)}nzl and it is such that ozg?;u) = o(1) for some l,, = o(n). For
simplicity we omit the sequences X and u in these notations whenever no doubt
is created.

Definition 2.1. Let k£ > 1 be a fixed integer and X a T-periodic sequence
satisfying D(u). The condition DgC )(u) holds for X when there exists a sequence
of integers k = {k;, },>1 such that

l

(21) lim kn = +0o0, lim kjnﬂ =0 , lim knan,ln =0 ,
and
lim S(l =0,
n—00 [knT}
where
Lz (71T
no _ . ,
S[ﬁ] = nT Z P(Xl>un7 Xj>un>
i=1 j=i+1
and, for k > 2,
1 X ol U
Sy =ng > > P(Xi>un XjoiSun<x;)
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The extremal behaviour of X has already been considered in Ferreira ([4])
under the conditions Dg,ft) (u), for k =1,2.

If max{X;, Xi11,...,X;} is denoted by Mi{;{) and we put MX

i = —00 for

1 > 7, then lim,_ S(k)

"7 7 = 0 implies
ol

T [k:LLT]T

. 1
nh_{gon f Z; ZkP(Xi>un>Mi+l’i+k_l’ XJ >Un) =0,
=1 j=i+

which leads to
1 I
nlingon T Z; P<Xi >up 2 Mit1i1k-1, Mi+k‘,[knLT]T>un> =0.
=

This last restriction, when T'= 1, is the one considered in D®*)(u) by Chernick
et al. ([2]) for stationary sequences. Under D®)(u) they compute fx from the dis-
tribution of the first k& variables of X and apply the result to several autoregressive
sequences. In the following we will extend their results for periodic sequences.

Proposition 2.1. If the T-periodic sequence X satisfies D(u) and Dg?) (u)
then

T
n
P(Mngun> — exp(T ZP(Xi>un2Mi+17i+k_1)> = o(1) .

=1

Proof: Under D(u) we have, for k as in (2.1),

and therefore it is enough to proof that

T

n
T Z;P(Xi > Up > Mi—i—l,i—f—kz—l)
(2.2) P(M[MLT]T > un> - " — o(1) .
Since, by applying D§f€ )(u),
[T
P(Mogr>un) = P U {Xi>un> Mgy g2 e}
i=1
n
= {knT] ;P<Xi > Up > Mi+1,i+k71) — Ap
holds with k, A, < S[(i} = o(1), we conclude (2.2). O

knT
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As a consequence of this result we compute the extremal index as follows.

Corollary 2.1. If the T-periodic sequence X satisfies D(u) for all u=u("
and Dc(lfc ) (v) for some v=v{7) then there exists Ox if and only if there exists

T
. 1
VX = nh—g)lon T Z}P(XZ > Uy > Mi+1,i+k—1) R
1=

and in this case it holds y
Ix = = . O
70

We can apply this result to calculate the extremal index of a T-periodic
moving average, following the approach of Chernick et al. ([2]) for the stationary
case.

Let Z = {Z,,}n>1 be a T-periodic sequence of independent variables with
regularly varying equivalent tails with exponent —« satisfying
. P(Zi>x) +) . P(Zj<—x) (-) .
lim ———— =7, 0, lm ———< =7, 0 =1,...,T
$1—>HO10 P(Zj >QT) ivj e g:l—>nolo P(Zj<_$) Vi >0, (¥} Y
and P(Z )
i, >
lim ————= = 0,1 =1,..,T.
:chgo P(‘ZZ‘>IB) < [ ’ ] ’ ! T

For 7; >0, ¢=1,....,7, and 7 = %ZZTZI 7, let u(™ be defined by

T—-1 [e%s)
(=) —
A P12 > un) _T’/ bi Z'Vz s,i Z Clras ™+ @ D e Dy

j=—00 s=0 Jj=—00

where ¢; = 1 — p;, c;r: max{c;,0}, ¢; = max{—c;,0} and c={c;} is a sequence
of constants such that Zj:ioo |c;|® < 400 for some & < min{a, 1}.
For the T-periodic moving average X,, = Z chn ], n > 1, by apply-

]_700
ing our result to the 2m-dependent T-periodic sequence X E ——m Ciln—j
and following in a straighforward way the reasoning of Chernick et al. ([2]), we
find

T T—-1 T-1
> ia {pz' S ) + g Z%(ii,i o (a)}
i=1 = =

0:
T T— 00 00 ’
S {0 S real” + @ Z% s 2l
i=1 s=0 j=—o0 s=0 j=—o00
where
s + s +
e (@) = Y ([l max (1)) (@) = Yo ([ - max {er)")
j=—00 J=70e

For details on the proofs of this example see Martins and Ferreira ([8]).
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3.  PERIODIC SUB-SAMPLED SEQUENCE

We first set sufficient conditions for the previous results to hold for Y =
{Xg(n)}n>1. Let g: N—N be a strictly increasing function for which there exists
positive integers I; and I such that, Vn, k € N, it holds g(n+kI;) = g(n) + kls.
We will refer such g as an I, Is-periodic function and suppose that I and Iy are
the smallest integers satisfying the definition.

Therefore Y ={X g(n)}n21 is obtained from X by sub-sampling blocks of Iy
variables separated by J = Iy — (g(I1)—g(1)) — 1 > 1 variables.

In a particular case considered in Scotto and Ferreira ([10]), X is a station-
ary moving average with heavy-tailed innovations and g generates blocks of Iy
consecutive observations separated by J > 1 observations.

Proposition 3.1. If X is a T-periodic sequence and g is an I, I-periodic
function with Iy a multiple of T, then Y = { X} is an I;-periodic sequence.

Proof: For each choice of integers 1 <i; < ... <ip, p > 1, we have
(Y;1+Il7""yin+ll) = (Xg(i1+11)7'~-7Xg(in+11)) =

d
= (Xg(i1)+127'--7Xg(in)+12) = (Xg(il)v'"an(in)) = (Yviw“'vyvin) . 0

In the next result, we denote a sequence u such that lim nP(X; >u$f")) =
n—oo

7; by u = ul™%i)_ From the definition of normalized levels and Y C X we give a
simple procedure to get v=v(™Y) with 7 = Ii 2111:1 Ging(i) and G = lim M
1 n—oo N

Proposition 3.2. Let X be a T-periodic sequence and g an I, I-periodic
function with Iy a multiple of T'. If lim M =Gand u=ul"%) ;=1 ..T,

n—oo n
then v = {ug(y,)} satisfies:

(i) v=v@'mX) ;=1 T

oY) j=1,.. I, and {Tg1ys s Tg(r)} C AT, s T} O

For u = ul™X), with 7/ = Gr;, i=1,...,T, we have v = {u,} = v(7¥)

(X)

o = o(n).

. Y b'¢ .
and we can easily get ol (;)) < al ’u)(x) with [
olgtny 9

(70,5,X4)

Moreover, if v =v ;i=1,..,T, then w = {v|,r,/7,]} satisfies

W = W(TO,Z'Il/-[27Xi) ’

i=1,..,T,

w = w(e@ /YY) =1
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and

S(k,nY,w) <AS[(]€;1XW)

b
] Al

where A is a constant and k], = Kin1, /1)

These are the main arguments to obtain the following result.

Proposition 3.3. Let X be a T-periodic sequence X satisfying D(u)
for all u=uX) for some i € {1,...,T} and DgC)(v) for some v = v(m0:::%:),
i=1,...,T, with kX' ={kj,r,/1,)} and k={k,} as in (2.1). Then, for g as in the

above proposition, Y = { X} satisfies:

(i) D(u) for all u=ul"Y) i=1,.. 1,

(i) DY (w) for w={vy,p,/p)}=wPo@n/mY) i=1, L, withk={k,}. O

We will assume that X is in the conditions of Proposition 3.3 and calcu-
late the extremal index of the periodic sub-sampled sequence Y = {X,(,)} as a
consequence of this proposition and Corollary 2.1.

Proposition 3.4. Let X be a T-periodic sequence X satisfying D(u)
for all u=u"%) for some i € {1,...,T} and Dg{:)(v) for some v = v(70.i:Xi)
i=1,..,T, with X' ={kp,p,/1,)} and k={k,} as in (2.1). Then, for g as in the

above proposition, Y = { X, } has extremal index 0y if and only if there exists

n—oo

Iy
. 1
vy = lim nI—1 ZP(XQ(’L)> U[n[g/[ﬂ Z maX{Xg(i+1),Xg(i+2)7...,Xg(i+k1)}) .
=1

In this case
Lvy

= A .
Z 70,9(i)
i=1

Oy

Let

T
. 1 (X)
vx = lim n T ;P<Xi > v 2 Mi+1,i+k71) ;
1=
and QX: %, with T0 = %Z’le T0,i-

For the particular case of Iy = T and g(i+1) = g(i), for i = 1, ..., I, we find
Oy = O0x + TL;O where

n—oo

p = lmnP (Xg(m > Vnp/n) = maX{Xg(l)Hz’Xg(?)Hz’ o Xg(h-1)+ 12 })

. (X)
- JEEO”P(Xg(h) > Vnly /1) = Mg(h)+1,g(h)+k—1) :
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If k=1 then p=0, as expected, and for the particular cases where 1=T=1
and k = 2 we have very simple expressions for p (Martins and Ferreira ([7])).
They can be applied, for instance, to calculate the extremal index of the sub-
sampled ARMAX(«) process considered in Robinson and Tawn ([9]). For that
example we find

1— I>—1
9Y=9x+£:1—a—|—a( o)
70 70

= 1—aI2,

equal to the value of Robinson and Tawn ([9]) for the sampling case Y = {X,,1, }.

4. CONCLUDING REMARKS

Under the local dependence condition Dgg )(u(T)) we compute the extremal

index of the T-periodic sequence X from the 7' distributions of k consecutive
variables as well as the extremal index of some sub-sampled I-periodic sequences

Y = {Xym)}-

It would be interesting to apply these results to functions g used in appli-
cations and moving averages or Markov sequences X where D”(u,) fails. This
remains as topic of future research.
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1. INTRODUCTION

To express the distribution of a nonnegative random variable, T', which rep-
resents the lifetime of individuals (or components) in some population subjected
to covariate effects, several mathematically equivalent functions that uniquely de-
termine the distribution can be considered; namely, the cumulative distribution,
the density, the survival and the hazard functions [16]. For lifetime data, the
survival function at a particular time ¢ is defined as

(L.1) So(t]p(x),7) = P(T > t[pu(x),7) ,

where £1(x) is a scale parameter that is a function of covariate involving unknown
parameters and v is a constant unknown shape parameter. It is particularly
useful to define the survival model in terms of (1.1), because of its interpretation
as the probability of an individual (or component) surviving till time ¢ [16].

Besides, in several applications, it is clear that a non-zero proportion of
patients or components can be considered cured, or do not fail in their testing
time [20]. In this context, we consider the model

(1.2) S(t|x) = p+ (1=p) So(t|ux),7)

where S is the population survival function and 0 < p < 1 represents the cured
fraction, which is cured or never fails with respect to the specific cause of death
(or failure). Observe that (1.2) is a mixture model with two components, where
Sp is the survival function of the individuals which are not cured. For the cured
patients, the survival function is equal to one for all finite values t. Mixture
survival models provide a way of modelling time to death when cure is possible,
simultaneously estimating death hazard of fatal cases and the proportion of cured
cases.

In many applications however the usual assumption of constant shape pa-
rameter v cannot be appropriate. For instance, in some studies with fatigue of
materials, usually, it is assumed that the shape parameter of the Weibull distri-
bution depends on the stress levels, as we can see in Wang and Kececioglu ([30]),
Meeker and Escobar ([22]), Pascual and Meeker ([26]), Meeter and Meeker ([23]),
Meeker and Escobar ([21]), Hirose ([12]), Chan ([4]), Smith ([27]) and Nelson
([25]). Anderson ([1]) considers a Weibull accelerated regression model with the
dispersion parameter depending on the location parameter. In the context of risk
modelling, Hsieh ([13]) introduces heteroscedastic risk models, and Louzada-Neto
([19, 17]) introduces an extended risk model. Applications in the context of re-
gression models with normal errors and nonconstant scale are considered by Zhou
et al. ([31]) and Tanizaki and Zhang ([28]). Cepeda and Gamerman ([3]) consider
Bayesian modelling of variance heterogeneity in normal regression models.

In this paper we consider a general survival model with shape and cured
fraction parameters depending on covariates. The approach with constant shape
parameter was first used by Farewell [8]. The advantage of such a formulation
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is to have several usual survival models as particular cases. Maximum likelihood
estimation procedure is adopted for two special cases: the Weibull distribution
with shape parameter depending on a vector of covariates and a long-term Weibull
survival mixture model in the presence of covariates. In Section 2 we introduce a
general survival model with shape and scale parameters depending on covariates.
The Weibull case is introduced in Section 3. Two real data sets are presented in
Section 4. Some concluding remarks in Section 5 finalize the paper.

2. A GENERAL SURVIVAL MODEL

Consider a survival model with shape parameter depending on covariates.
The corresponding survival function is

(2.1) So(t|u(x),7(y)) = P(T'>t|x,y),

where u(x) is a scale parameter depending on a covariate vector, x, and ~(y)
is the shape parameter depending on a covariate vector, y. Both pu and v may
involve unknown parameters. Of course, the vectors x and y can be equal.

For fitting long-term survival data, where a proportion of the individuals
are cured [20], we consider the general survival model

(2.2) S(tlx,y,2z) = p(z) + (1—p(2)) So(t| u(x),(y)) ,

where p(x) and 7(y) are scale and shape parameters of the lifetime distribution
of non-cured patients and 0 < p(z) < 1 is the incidence probability depending on
a covariate vector, z, involving unknown parameters. For p(z) = 0 we have the
model (2.1).

A special case is given by the Weibull survival function for the non-cured
patients, given by

Y(y)
(2.3) So(t] 1(x), 1(y)) = exp [—(M(tx)) ] .

Let us assume a random sample 77, ...,T;,, such that, associated to each

T, there are covariate vectors xi= (1,21, ...,%i), y' = (1,yi1,..,yix) and
z! = (1,21, ..., 2zix), and an indicator variable d;, §; =1 if ¢; is an observed life-
time or 0; = 0 if ¢; is a censored observation (rigth-censored observations). Then,
for an uninformative censoring mechanism, the likelihood function [16] can be
written as

n
(2.4) L = Hf(ti‘xia}’ivzi)ai S(tilxi,yi,zi) %,

i=1

where f(t;|xi,yi, i) is the density function and S(t;|x;,y;,2;) is defined in (2.2).
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Let 8 = (v, 3,7) be the parameter vector indexing (2.2). The maximum
likelihood estimator (MLE) of @ can be obtained by solving the system of non-
linear equations, dlog L/00 = 0. However, it can be hard to solve the system
of nonlinear equations above by pure Newton-type methods, since it is easy to
overstep the true minimum. An alternative algorithm is proposed by [30] based
on [15, 2, 9]. However, a straightforward procedure, which we prefer, is to maxi-
mize (2.4). This procedure can be implemented in a standard statistical software
such as R [14] or a SAS via a routine that finds a local maximum of a nonlin-
ear function using general-purpose optimization procedure. In the appendix, we
present the SAS code of the NLP procedure [10, 11] used to find out the maximum
likelihood estimates presented in our examples.

3. THE WEIBULL PARTICULAR CASE

Consider the general Weibull survival model obtained by considering (2.2)
with (2.3). Assuming that the scale parameter, the shape parameter and the
incidence probability are affected by covariate vectors x, y and z, respectively,

let us to consider p(z;) as a logit link, such as, log(lf(pz("z)v» = T}0+Z§:1 n;%:5, the

log-linear models log(u(x;))=ap+ Z§:1 ajzi; and log(y(yi)) =00+ Z?:l BV
Thus, the log-likelihood function for v, a and 3 is given by

n
l(aa ﬁv ’Y|X7 Yy, Z) X Z 52 |:y;5 B + eygﬁxg o+ eygﬁ log(tz)i|
i=1

(3:1) + 3 ilog(p(z) — 3 dilts Xty
1=1 i

xga)e @

£ 3 (16 log [p<zi> (1 pla)) } ,
=1

where plz) ~'= ¢ 00+ E5m%) (14002555 o= (a, ..., ag), B'= (o, ., ),
'yt:(*yo,...,'yk), Xl; = (L, mi1, .oy Tik), yl = (1, 9i1, ..., i) and 7zl = (1, zi1y oey 2ik)-

4. SOME APPLICATIONS

4.1. A first application

To check the assumption of shape parameter dependent on the covariates
we can use graphical diagnostic methods. As a special case, consider the ac-
celerated lifetime test (ALT) data on PET film, (see, Table 1), introduced by
Hirose [12], see also Wang and Kececioglu ([30]). The ALT was performed at
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Table 1:  Failure times (hours) from an accelerated life test on PET film
in SFs gas insulated transformers, [12].

Voltage Failure times

5 KV 7131, 8482, 8559, 8762, 9026, 9034, 9104, 9104.25%,
9104.25%, 9104.25*

7KV 50.25, 87.75, 87.76, 87.77, 92.90, 92.91, 95.96, 108.3,

108.3, 117.9, 123.9, 124.3, 129.7, 135.6, 135.6
10kV  15.17, 19.87, 20.18, 21.50, 21.88, 22.23, 23.02, 28.17,29.70
15kV 240, 2.42, 3.17, 3.75, 4.65, 4.95, 6.23, 6.68, 7.30

Starred quantities denote censored observations.

four levels of the voltage; v = 5,7,10 and 15, with 10, 15,10 and 9 observations
each, respectively. Three censored values were observed at v =>5. Denoting by
S(t)=P(T>t), the survival function, we should have parallel straight lines for the
plots of log(— log S(t)) versus log(t) for each stress level considering the Weibull
distribution [16]. This is also true for the Weibull probability plot, Figure 1-b.
In Figures 1-a and 1-b we observe straight lines which indicates that the Weibull
distribution is appropriate, but we do not have parallel lines which indicates
different shape parameters for each stress level. Interested readers can refer to
Chapters 2, 7 and 8 of Meeker and Escobar ([22]), which present different methods
to search for an appropriate lifetime distribution for fitting a set of data.

10
h

log(t)

T
4 2 0 2 4 1 10 100 1000 10000

Figure 1: Weibull fit for PET film data, Table 1.
(a): Hazard plot.
(b): Probability plot. 5kV (o), TkV (A), 10kV (+) and 15kV (x).

Figure 1 indicate that the scale and shape parameter of the Weibull dis-
tribution should be affected by the stress levels. Moreover, following [30], plots
show that log /i and log 4 have linear relationships with 1 = y; = — log(v—4.76),
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where [ and 4 are the MLEs of u and ~y, obtained by considering each individual
covariate level, which are given in Table 2, the constant 4.76 is a fixed threshold
level [12], below which a failure is unlikely to occur.

Table 2: Maximum likelihood and standard deviation estimates
considering a Weibull model for each stress level.

MLE

Level log-likelihood [ A
9.1145 2.9721
R T304 (0.0196)  (0.3496)
4.7367 1.7315
[ —07.5903 (0.0480)  (0.2100)
3.1873 1.8230
WKV —28.1308 (0.0541)  (0.2375)
BV 174361 1.6474 1.0938

(0.1179)  (0.2676)

Table 3 shows the MLEs for the parameter of (2.3) and their standard
deviations assuming log(u(x1)) = ap + aq log(v —4.76) and ~y(y1) = constant
(hereafter called Model A) and log(y(y1)) = Bo + [1log(v — 4.76) (hereafter
called Model B).

Table 3: Maximum likelihood estimates considering
two Weibull models.

Estimates

Model  Parameter MLE StDev
g 6.3480 0.0399

model A o —1.9629 0.0265
8 1.6080 0.1281

g 6.3285 0.0213

o —1.9529 0.0156

model B Bo 2.2311 0.1776
e —0.4636 0.1152

Locally at the MLEs, the values of the log-likelihood functions are —179.9849
(for Model A) and —173.2728 (for Model B). The values of the likelihood ra-
tio statistics, Wald and score statistics to test model A against model B, that
is, Hy: 1= 0 against Hi: B1# 0, are equal to 13.4240, 16.1896 and 17.0416,
respectively. Their empirical p-values obtained from 10000 bootstrap simula-
tions are equal to 0.0007, 0.0007 and 0.0014, respectively, leading to a strong
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evidence in favour of the complete model (Model B). The empirical distributions
of these statistics are given in Figure 2 together with their Q-Q plots. We do not
observe a good approximation to the chi-square distribution with one degree of
freedom.
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Figure 2:

Empirical distributions. (a): Likelihood ratio statistic; (b): Score statistic;

(c): Wald statistic; (d-f): Q-Q plots for (a), (b) and (c).

4.2. A second application

As an example where scale, shape and the proportion of immunes pa-
rameters may depend on covariates, consider the ovarian cancer data given by
Edmunson et al. ([7]) and Therneau ([29]) (see also, [20] pp. 134 and [5] pp. 142).
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The response variable (see, Table 4) was the survival time, in years, for 26 women
following randomization to one or other of the two chemotherapy treatments.
In Table 4 the censor indicator variable is 1 if ¢; is an observed survival time and
0 if ¢; is a right-censored observation. As pointed out in [20], we notice that large
survival times tend to be censored, so there is some evidence of the existence of
an immune component. To verify the possible difference between two treatments
(treatment 1: standard chemotherapy — cyclophosphamide alone; treatment
2: combined chemotherapy — cyclophosphamide combined with adriamycin),
[5] considered the usual Weibull regression model with covariates affecting only
the scale parameter and concluded that there is a nonsignificant difference be-
tween the two treatments. In fact, the final model considered by Collett (1994)
included age and treatment as covariates.

Table 4:  Survival times (in years) of ovarian cancer patients.
Survival Time Censor Survival Time Censor
Group 1 Indicator Group 2 Indicator

0.1616 1 0.9671 1
0.3151 1 1.0000 1
0.4274 1 1.2712 1
0.7342 1 1.3014 1
0.9014 1 1.5425 1
1.1808 1 1.0329 0
1.7479 1 1.1534 0
1.2274 0 2.0384 0
1.3068 0 2.1068 0
2.2000 0 2.1096 0
2.3425 0 3.0932 0
2.8493 0 3.3041 0
3.0301 0 3.3616 0

From the survival curves (see, Figure 3), we observe that there are large
censored observations, which could indicate the presence of immune individu-
als [20]. Therefore, we assume the model (2.2) with Sy(t) given by (2.3) with
log(12-) =m0 + mai, log(ki) = ao +arz; and log(v;) = Bo + iz, where w;
taking the value 1 if individual ¢ is in the treatment group 1 or the value 2
if 4 is in the treatment group 2.

In this way, we can have the following hypothesis tests:

Hy: 11=0 (no treatment effect in the proportion of cured patients),
Hp: aq =0 (no treatment effect in the ratio of susceptible patients) or
Hp: f1 =0 (no treatment effect in the shape of the lifetime distribution).
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In Table 5 we have the MLE and their asymptotic standard-deviation estimates
considering 4 models:

Model 1: log({2-) =m0, log(pi) = o and log(yi) = fo;

Model 2: log(t25-) = 10, log(ui) = oo + cn; and log(vi) = So;

Model 3: log(t2-) = no, log(pi) = a0 + arz; and log(y;) = Bo + Bz and
Model 4: log(725-) =m0 + ma;, log(ui) = ao+arx; and log(y:) = Bo + Bras.

Locally at the MLE, the values of —2log(likelihood) are given by 49.3512
(Model 1), 48.1652 (Model 2), 40.6565 (Model 3) and 40.2318 (Model 4).
We observe that Model 4 seems to give better fit for the data. This result is
corroborated by Figure 3, where we have the plots of the fitted survival curves
obtained from Models 2, 3 and 4 and the nonparametric Kaplan—Meier survival
curve. We omitted the fitted survival curve from Model 1, which is very far from
the Kaplan—Meier survival curve.

Table 5:  Maximum likelihood estimates — long-term survivors models.
Parameter
Model 70 Bo Qg aq B Ui

0.0284 0.7457 0.1423
(0.4300) (0.2658) (0.1572)

9 0.0614 0.7222 -0.3759 0.3600
(0.4464) (0.2663) (0.5293) (0.3764)

3 0.0420 -1.0535 -0.4173 0.3482 1.4744
(0.4240) (0.7314) (0.5749) (0.2936) (0.4686)

4 0.8870 -1.0782 -0.3627 0.3201 1.4833 -0.5614

(1.3954)  (0.7615)  (0.6232)  (0.3175)  (0.4812)  (0.8725)

It is important to point out that in this application we have a small data set
(26 patients) and should be careful to conclude that model 4 provides a better fit.
In fact, model 3 and model 4 give similar fits for the survival curves (see Figure 3)
and the difference 40.6565 — 40.2318 = 0.4247 is nonsignificant. In this case the
cured proportions and rates of failure do not seem to differ significantly between
the treatment groups.
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Figure 3: Survival curves.
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5. CONCLUDING REMARKS

In this paper, we consider a general class of survival models where the
shape, the scale and the incidence probability parameters can be dependent on
covariates. The major advantage of the general survival class of models lies on
its ability to accommodate several usual survival models. From the practical
viewpoint the methodology can be implemented straightforwardly and runs im-
mediately using existing statistical packages.
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Appendix A — Maximum Likelihood, First Application

In this appendix, we present the SAS code used to get the maximum
likelihood estimates presented the both examples. The optimization of the
log-likelihood was made by using the nonlinear programming SAS procedure
considering the trust-region algorithm, [6, 24].

Listing 1: Single Weibull model.

proc nlp data=hirose tech=tr phes cov=2 vardef=n;
max L;

parms alphal = 6.0, beta0 = 1.0;

mu = exp(alpha0);

beta = exp(betal);

logH = log(beta)—betaxlog (mu)+betaxlog(t);
logS = —(t/mu)*xbeta;

L = deltaxlogH+logS ;

by voltage;
run;

Listing 2: Weibull model with constant shape parameter.

proc nlp data=hirose tech=tr phes cov=2 vardef=n;
max L;
parms alpha0 = 6.0, alphal = 0.9, betal0 = 1.0;

mu = exp (alphaO+alphalxvoltage);

beta = exp(betal);

logH = log(beta)—betaxlog (mu)+betaxlog(t);
log$S = —(t/mu)xxbeta;

L = deltaxlogH+logS;
run

Listing 3: Weibull model with nonconstant shape parameter.

proc nlp data=hirose tech=tr phes cov=2 vardef=n;
max L;

parms

alpha0 = 6.0, alphal = —2.0, beta0 = 2.2, betal = —0.4;
mu = exp(alphaO+alphal*voltage);

beta = exp(betaO+betalxvoltage );

logH = log(beta)—betaxlog (mu)+betaxlog(t);

log$S = —(t/mu)xxbeta;

L = deltaxlogH+logS ;

run;
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Appendix B — Maximum Likelihood, Second Application

Listing 4: Long-term survivors model — model 4.

proc nlp data = dados tech=tr cov=2 vardef=n phes;
max L;
parms alpha0 =-0.4, alphal = 0.3, beta0 = —1.0,
betal = 1.4, g0 = 0.0, gl = 0.0;
mu = exp(alphaO+alphalxtreatment);
beta = exp(betaO+betal xtreatment );
p = exp (g0+gl*x1)/(1+exp(g0+gl*treatment));
h = (beta/mu)x*(t/mu)*x(beta—1);
S = exp(—(t/mu)xxbeta);
Lc = log(p)+log(h)+log(S);
Li = log(1—p+p*S);
L = deltaxLe+(1—delta)*xLi;
run;
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1. INTRODUCTION

Multiple Correspondence Analysis and log-linear modeling are two very
different, but mutually beneficial approaches to analyzing multi-way contingency
tables: log-linear models are profitably applied to a small number of variables.
Multiple Correspondence Analysis is useful in large tables. This efficiency is
balanced by the fact that MCA is not able to explicit relations between more
than two variables, as can be done through log-linear modeling. The two ap-
proaches are complementary. After a short reminder on MCA and log-linear
approaches, we study the distribution of eigenvalues in MCA under modeling
hypotheses, especially in the case of independence. At the end we propose an
algorithmic approach for fitting log-linear models where the fitting criterion is
based on eigenvalues diagram.

2. A SHORT SURVEY OF MULTIPLE CORRESPONDENCE
ANALYSIS AND LOG-LINEAR MODELS

We first introduce MCA and log-linear modelling, then we present some
works using both methods.

2.1. Multiple Correspondence Analysis

Correspondence Analysis (CA) has quite a long history as a method for
the analysis of categorical data. The starting point of this history is usually
set in 1935 [28], and since then CA has been reinvented several times. We can
distinguish simple CA (CA of contingency tables) and MCA or Multiple Cor-
respondence Analysis (CA of so-called indicator matrices). MCA traces back
to Guttman [23], Burt [8] or Hayashi [25]. In France, in the 1960s, Benzecri [6]
proposes, other developments of this method. Outside France, MCA has been de-
veloped by J. de Leeuw since 1973 [22] under the name of Homogeneity Analysis,
and the name of Dual Scaling by Nishisato [38].

Multiple Correspondence Analysis (MCA) is a multidimensional descriptive
technique of categorical data. A theoretical version of Multiple Correspondence
Analysis of p variables can be defined as the limit, when the number of statistical
units increases, of the CA of a complete disjunctive table.

Let X be a complete disjunctive table of p categorical variables X1, Xo, ...,
Xp, with respectively m1, mo, ..., m, modalities observed over a sample of n in-
dividuals. CA of this complete disjunctive table is equivalent to the analysis
of B [8], where B = X'X is the Burt table associated with X. The two anal-
yses have the same factors, but the eigenvalues in MCA equal to the squared
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root of the eigenvalues in the CA of the associated Burt table. MCA of X cor-
responds to the diagonalization of the matrix %(D_lX’X) = %(D‘lB) where
D = Diag(X'X) = Diag(B).

The structure of the eigenvalue diagram depends on the variable interac-
tions. It is well known that in the case of pairwise independent variables, the ¢
non-trivial eigenvalues are theoretically equal to to %, where

(1) q:Zmi—p.
=1

2.2. Log-linear modeling

Log-linear modeling is a well-known method for studying structural rela-
tionships between categorical variables in a multiple contingency table when all
the variables have no particular role. Relatively recent and not as well known
in France as MCA, log-linear modeling has many classical references. After first
works of Birch [7] in 1963 and Goodman [17], we must mention the basic books
of Haberman [24], Bishop, Fienberg & Holland [8], Fienberg [15].

More Recently, Dobson [12], Agresti [1], Christensen [10] have written syn-
theses on the subject supplemented with personal contributions.

Whittaker [41] devotes a large part of his book to log-linear models before
defining associated graphical models.

2.2.1. Log-linear modeling in the binomial case

Let X = (X1, Xy, ..., X}) be a k-dimensional random vector, with values in
{0,1}*. The expression for the k-dimensional probability density of X is:

fu(X) = (0,0, "'70)(1711)(17m)m(17$k) -p(1,0, ...,0)11(1*252)"'(17%)
-p(0,1, ..., O)(l_xl)““‘(l—l‘k) - (0,0, ..., 1)(1—x1)(1—x2)...xk
-~ p(1,1, ...,O)CCUEQ...(l—-Z’k) cep(1,1, ., 1)TER

We can write the density function as a log-linear expansion:

k k k
logfr(X)] = uo + > wimi + Y wijwiz; + B uiwirsa
i=1

i?jzlv i,j, l:].,
7] i#j#l
+ 0+ U3k T1 X2 Tk

where u, =log[p(0,0,...,0)], uizlog[W] and the u-terms w;j, ..., w123k

are a log cross product ratio in the (k, k) probability table. The u-term u;; is set
to zero when X; and X; are independent variables.
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2.2.2. Log-linear modeling in the multinomial case

Let X = (X4, Xo, ..., X)) be a k-dimensional random vector, with values in
{0,1,...,m1—1} x {0,1, ...,ma—1} x ... x {0, 1, ...,mj,—1} instead of in {0,1}"* as
in the preceding case.

The generalisation to the k-dimensional cross-classified multinomial distri-
bution is the log-linear expansion:

k k k
log[fi(X)] = uo + Zui(ﬂﬁ) + Zuij(l“) + Z wii(z) + -+ iz k()
i=1 ,5=1, 1,5, 1=1,
i#] 1#]#l

Each u-term is a coordinate projection function with the coordinates indi-
cated by its index; and each u-term is constrained to be zero whenever one of its
indicated coordinates is zero.

The importance of log-linear expansions rests with the fact that many in-
teresting hypotheses can be generated by setting some u-terms to zero.

We are interested particularly in this paper with graphical and hierarchical
log-linear models.

2.2.2.1. Graphical log-linear models

Let G = (K, E) be the independence graph of the k-dimensional random
vector X, with k vertices in K = {1,2,...,k} and edge set E. G is the set of
pairs (4,j) such that whenever (7,7) is not in E the variables X; and X; are
independent conditionally on the other variables.

Given an independence graph G, the cross classified multinomial distribu-
tion for the random vector X is a graphical model for X, if the distribution of X
is different from constraints of the form that for all pair of coordinates not in the
edge set E of GG, the u-terms constraining the selected coordinates are identically
Z€ero.

2.2.2.2. Hierarchical log-linear models

A graphical model satisfies constraints of the form that all u-terms ‘above’
a fixed point have to be zero to get conditional independence. A larger class of
models, the hierarchical models, is obtained by allowing more flexibility in setting
the u-terms to zero.

A log-linear model is hierarchical if, whenever one particular u-term is
constrained to zero then all higher u-terms containing the same set of subscripts
are also set to zero.
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We note here that every distribution with a log-linear expansion has an
interaction (or independence) graph, and a hierarchical log-linear model is graph-
ical if and only if its maximal u-terms correspond to cliques in the independence
graph.

When all the u-terms are non-zero, we have the saturated model.

In the case when only the u; are non-zero, the model is called the mutual
independence model:

k
log[fi(X)] = uo(z) + ) wi) .
i=1

When only u; and some of w;; are non-zero, the model is called a condi-
tional independence model:

k
log[fe(X)] = uo(x) + > ui(z) + > uij() .
i=1 i,

These conditional independence models refer to simple interactions between
some variables.

2.2.3. Parameters estimation and related tests

Theoretical frequencies are generally estimated using the maximum-likeli-
hood method. Weighted regression, or iterative methods can be also used as
well since log-linear models are particular cases of the generalized linear model.
Usually the classical x? or the G? tests (the likelihood ratio) are used to assess
log-linear models. The values of the two statistics increase with the number of
variables, and decrease with the number of interactions. The closer the statistics
are to zero, the better the models.

Model selection becomes difficult when the number of variables grow:
e.g. with four variables there are 167 different hierarchical models. To avoid the
“combinatory explosion” we can use criterions based on the Kullback information
like the Akaike criterion:

AIC = —2log(L) + 2k (An Information criterion) ,
or the Schwartz criterion:

BIC = -2 log(f) + klog(n) (Bayesian Information criterion) ,

where L is the maximum of the likelihood function (L), and k the number of
parameters maximising L.
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2.3. Multiple Correspondence Analysis and log-linear model as com-
plementary tools of analysis

In this section, we present some works that show how CA (or MCA) and
log-linear modeling can be related. This leads to a better understanding of CA,
and to a combined use of both methods.

CA is often introduced without any reference to other methods of statistical
treatment of categorical data with proven usefulness and flexibility.

A major difference between CA and most other techniques for categorical
data analysis lies in the use of probability models. In log-linear analysis (LLA),
for example, a distribution is assumed under which the data are collected, then
a log-linear model for the data is hypothesized and estimations are made under
the assumption that this probability model is true, and finally these estimates
are compared with the observed frequencies to evaluate the log-linear model.
In this way it is possible to make inferences about the population on the basis of
the sample data.

In CA, it is claimed that no underlying distribution has to be assumed and
no model has to be hypothesized, but a decomposition of the data is obtained to
study the ‘structure’ in the data.

A vast literature has been devoted to the assessment of CA (or MCA) and
LLA. We briefly report here some of that literature.

Several works compare CA or MCA and LLA. Daudin and Trecourt [11]
demonstrate empirically that LLA is better adapted to study global relationships
between the variables, in the sense that marginal liaisons are eliminated in the
computation of profiles.

Goodman [17],[18],[19],]20],[21] defines two models belonging to the same
family: the saturated row column correspondence analysis model as a general-
ization of MCA, and the row column association model as a generalization of
LLA. He demonstrates, with illustrations by examples, that using these models
is better than using the classical methods.

Baccini, Mathieu and Mondot [3] use an example to compare the two
methods. Jmel [30], De Falguerolles, Jmel and Whittaker [13],[14] use graphi-
cal models compared to MCA.

Other works use CA or MCA and LLA as a combined approach to con-
tingency table analysis: Van der Heijden and de Leeuw [26],[27],[28], Novak and
Hoffman [39] and others, use CA as a tool for the exploration of the residuals
from log-linear models, and give an example of the procedure.

Worsley [42] shows that in certain cases CA leads directly to the appropriate
log-linear model.

Lauro and Decarli [31] used AC as a procedure for the identification of best
log-linear models.
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3. EIGENVALUES IN CORRESPONDENCE ANALYSIS

It is well known that MCA is an extension of CA, although we first present
eigenvalues in CA, and some simple rules for the selection of the number of
eigenvalues.

3.1. Asymptotic distribution of eigenvalues in Correspondence Analysis

Let N be a contingency table with mq rows and mso columns, and let us
assume that N is the realization of a multinomial distribution M (n,p;;) which
is realistic. In this framework the observed eigenvalues p; are estimators of the
eigenvalues \; of nP, where P is the table of unknown joint probabilities.

Lebart [32] and O’Neill [34],[35],[36] proved the following result:

if ;=0 then \; has the same distribution as the corresponding eigenvalues of a
(m1—1)(ma—1) degrees of freedom from the Wishart matrix: Wiy, _1)(mq—1)(7,1)
where r = min(m;—1, mg—1).

If p1j = 0 then \//\7] is asymptotically normally distributed, but with param-
eters depending on the unknown p;;. Since it is difficult to test this hypothesis,
some authors have proposed a bootstrap approach, which unfortunately is not
valid: since the empirical eigenvalues, on which the replication is based, are gen-
erally not null, we cannot observe the distribution based on the Wishart matrix.

3.2. Malinvaud’s test

Based upon the reconstitution formula, which is a weighted singular value
decomposition of V:

> (i bri)

k

n \/Ak ’

where a;p, by are the factorial components associated to the row and column
profiles.

We may use a chi-square test comparing the observed n;; from a sample
of size n to the expected frequencies under the null-hypothesis Hy of only k£ non
zeros. The p; weighted least squares estimates of these expectations are precisely
the nj; of the reconstitution formula with its first & terms. We then compute the
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classical chi-square goodness of fit statistic:
(723 — nij)?
E=2 0
i g Y

If £ = 0 (independence), Q¢ is compared to a chi-square with (mq — 1) (mg — 1)
degrees of freedom. Under Hy, Qi is asymptotically distributed like a chi-square
with (m; —k —1) (ma — k — 1) degrees of freedom. However @}, suffers from the
following drawback: if n;; is small, 7;; can be negative and the test statistic can-
not be used. This is not the case for the modification proposed by E. Malinvaud
[37] who proposed to use ni:n3) jpstead of n;j for the denominator. Furthermore,
this leads to a simple relatlon with the sum of the discarded eigenvalues:

nZ n2
@ _ZZ jnln])J = n(Mgt1 + M2 + .+ )

Q). is also asymptotically distributed like a chi-square with (p—k—1) (¢ —k —1)
degrees of freedom.

4. BEHAVIOUR OF EIGENVALUES IN MCA UNDER
MODELING HYPOTHESES

Let X = (X1|X3|...|Xp) be a disjunctive table of p categorical variables X;
(with respectively m; modalities) observed on a sample of n individuals, and ¢
the number of non trivial eigenvalues (as defined in §2.1).

Multiple Correspondence Analysis is the CA of disjunctive table X.
The rank of X: rank(X) = min(¢+1;n), so equals ¢+1 if n > g+1.

We suppose, without loss of generality, that n is large enough, which is the
usual case. CA factors are the eigenvectors of the matrix % D~!'B (where B and

D are defined in §2.1). So D™!'B is a diagonal unit matrix.

Its trace is: Z m; and - Tr D~ Zml

Since Z i = Z m; — 1, we can conclude that
i=1

1< 1
2) DI
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and

q p

(3) S () = =3 mim1) + —QZZ%

=1 =1 i#£j

where gozzj is the observed Pearson’s ©? crossing of X; with X j, and

nl n.; 2
ngj — ———= 2
E E - n;n; n] = ; )
(n;. and n.; are margin effectives).

Although MCA is an extension of CA, the results of §3 are not valid and
one cannot use Malinvaud’s test: elements of X being 0 or 1 and not frequencies,
@ and @}, do not follow a chi-square distribution.

However it is possible to get information about the dispersion of the g
eigenvalues in particular cases [5].

4.1. Distribution of eigenvalues in MCA under independence
hypothesis

Under the hypothesis of pairwise independence of the variables X,
all gofj = 0 and equation (3), becomes

q 1 p
30 = 3
1= =1

Using (2) we get

and finally:

d 1|1 ’
> = = [ )]
i=1 p 47

Since the mean of the squared p; equals their squared means only if all the terms
are equal, we can conclude that all the eigenvalues have the same value, so that:

i = — Vi .
p
We conclude that the theoretical MCA (i.e. for the population), under the hy-
pothesis of pairwise independence of the variables X; leads to one g-multiple
non-trivial non-zero eigenvalue A = %. And the eigenvalue diagram has the par-
ticular shape shown in Figure 1:
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Al Eigenvalues diagram

AL | stokstoskokskokosk stk skokskoksk sk kok sk sk sk ok ok
A2 | sskskokokokokkosk kst ofskkk sk sk sk sk sk ok ok ok
A3 | skskskskokokosksfsksksksk skosk ok sk sk sk sk ok ok
A | sokstotokotokskoskskokskotsk ok sk sk sk sk sk ok sk ok
A5 | skskoskskokotoskokeskskskok ok sk sk stk sk ok ok o
sk sk sk ok ok ok ok ok ok ok ok sk sk sk ok sk ok ko ok ok sk ok ok ok
Ag | stk ok kR ok

Figure 1: Theoretical eigenvalues diagram in the independence case.

This result is not true when we have a finite sample, since sampling fluc-
tuations make the observed cp?j # 0. Although the trace of %(DilB) and @ the
mean of the observed non-trivial eigenvalues, are constants, we observe g different
non-trivial eigenvalues p; # %, and the eigenvalue diagram takes the shape shown
in Figure 2:

Ar FEigenvalues diagram

Al koo sk ok sk sk sk sk sk sk sk sk sk skosk sk skosk sk sk skoskoskoskoskokokk
AQ >k koK sk ok okok ok ok ok skok sk ok skokok sk ok kok sk sk kokok sk
Ag >k sk sk skok sk sk sk skosk sk sk skokosk sk skokok skokokoksk
A4 Sk sk sk sk SRR sk SRR SRR R sk Rk sk skoskoskoskokok

A5 >k 3Kk sk ok >kok sk sk ok skok sk sk kokoskoskok kokosko sk k

: skoskosk sk skoskoskoskoskoskoskoskoskoskoskoskoskoskoskoskoskosksk

Aq >k sk sk ok ok sk sk ok >kok sk sk sk okok skok kokoskok

Figure 2: Observed eigenvalues diagram in the independence case.

4.1.1. Dispersion of eigenvalues

Let Sﬁ be the measure of p; around % given by:
1< 1V 1< 1
S2=- (u——)z— (1i)* = =
g Z " p) a ; Yoo
which implies

S () = q<sz n pi) |

i=1

Using equations (1)&(3), we have:
q

Z(MZ)QZ % QZZ(ij _% QZZXZ]'

i=1 i#] i#]
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Under the hypothesis of pairwise independence of the variables,
2 . . 2 . .
the Xi; are realizations of X{mi—1)(m;—1) variables, so their expected values are
(mi — 1) (m]' — 1)

We can then easily compute F(Y 7, (1)), and get:

B(300?) = L+ 5 2SS m -1y ).

i=1 i#]

Finally:
2 1 ! 2 1
E(S,) = gE > )’ ) - =

and we obtain:

1
2
B(S}) =

S (ma (mj —1) .

7]

S|
Q|

Now, since E(Sﬁ) =02, we may assume that + + 2o contains roughly 95%
of the eigenvalues. Moreover, since the kurtosis of the set of eigenvalues is lower

than for a normal distribution, this proportion is actually probably larger then
95%.

4.1.2. Estimation of the Burt table

Let X be the disjunctive table associated to p categorical variables X,
with m; modalities respectively, observed on a sample of n individuals, where
Xi = (Xi1, Xi2, ..., Xim,;), X is a matrix made (of p-block) of p blocks X;

X = (X0 [ X | | X | o | X)) -
Let (X7, XD, ..., Xgé) be the observed value of X; on the % individual.

We can write

'Xlll X11m1 X3 - )(21m2 . X;h X;m,,
X — X121 X12m1 X%l ’ X22m2 ’ Xz%l Xz%mp
_X{Ll ce XPXB e XD X Xgmp_
The Burt table of X is then
XX, X{Xe - X1X, By Bia -+ By
XX, XiXo oo XX Bo1 Bay -+ Boy

B = P =

X\X1 X)Xy - X)X, Bpi By -+ Bpp
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where

n

>_(x])? D) (G) e Y (G,

<
Il
—_

<
Il
—

<
Il
—_

7
e}
NE

(X3,)° s () (X,

Il
e
>

Il
<

I

0
<

I

0
<

I

0

]
>i
?1
M:

(XL (X5) o D (XD )2

i=1 j=1

; 0
X/ =
ki 1

with Y7, X,Zi = 1. Since there is only one k in {1,...,m;} such as Xﬁ- =1, all
other being zero, we obtain:

Z(X,zi)Q — ZX;@ in {1,...,n}, Vke{l,..,m
k=1 k=1

<
Il

—_

<
Il

and

and

(X)) (Xwid) =0 Yk, ke{l,..m}.
k=1

And so can conclude that Vi=1, ..., p the diagonal sub-matrices of the Burt
table are themselves diagonal matrices:

. '
(X)) 0
j=1
n
XZ/Xz = Bz = Z(lem)2
j=1
n .
0 > (X007
L Jj=1 i
Furthermore, we know that
m;
> (k) - S -,
k=1

where
n
_ Jj o
Nki = E :sz‘ =
j=1

is the number of individuals that have the k" modality of the ‘" variable
(for 1 <i<pand 1 <k<m).
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So the diagonal sub-matrices of the Burt table are:

1
n; 0

. m;
N
B; = By = nf where E % =1 Vi=1,...,p.
. k=1

Consider now two independent variables X, and Xg amongst the p vari-
ables having respectively m, and mg modalities.

Let B, be the (mqa, mq) square matrix By = X, X, and Byg the (mq, mg)
rectangular matrix B,g = X/ Xg.

We have
(Ba)is = > XE =X and  (Ba)ij=0 if i#],
k=1

and where (Bag)ij = XE, Xfﬂ < n.

Under the hypothesis that X, and X3 are independent

(Ba)ij (Bg)ij _ X3 X1
Bap)ij = = —t
(Bag)ij n n

Since X¢ =n$ and X_’? = niﬁ, we can write

=0

n n

n
xex?  ndn
(Baplij = > X X = =11 =
k=1

and, more generally, we can conclude that

n n n
i J i J i,J

nynd  nhnd Ny Nim,;

b B e 2
X;X; = B;j = n n
ioJ i J (]

M,V T, T T, TVm;

L n n n

if the p variables are mutually independent.
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Now consider a sample of p multinomial random variables X;. Let pf = Dik
be the probability that an individual be in the k'™ category of the i*" variable,
and pfj be the probably that the ;" individual be in the &*" category of the it}
variable.

The observed Burt table is:

[ X1X1 X{Xe - X(X,]
B=XX= Xé‘Xl Xé.XQ Xé,Xp ,
XXy XXy e X)X, |
with
N -
(X5)? 0
j=1
n .
X!X; = N; = Z(X/]m)2 = diag{n},...,n]"} .
j=1
n
0 > (X507
L Jj=1 J
But nf:Z(X,ziV:npf and Zpi-“:l, so that an: anf:n, Vi=1,...,p
7=1 ) k=1 ) k=1 k=1
np; 0
and X/X; = np¥
L 0 np; |

Since X; and X are independent variables, X/X; = N;; and (Nyj)kw =
(X! Xk = np?pé?/, which implies

[ i i J i
nppr npipy ot NN
i,J i,J i
npspy Mpspy . MPhPm;

| npl,pl PPy o MDD |
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k
The maximum-likelihood estimator of pf is ﬁf:%, SO

-1 -
n; 0
. k
N; = n; = Bj;
my
L 0 n; |
and S . i i
) 7
nlnl n1n2 nlnmj
n n
i, i, i,
N;; = n n = Byj
A J % J 7 J
MM T, M T, M,
- n n n _

We can conclude that the the maximum-likelihood estimator B of the theo-
retical Burt table is B the observed one. Using the invariance functional propriety
we can affirm that the maximum-likelihood estimators of the eigenvalues of D~ B
are the eigenvalues of D1 B, so that each p; is the maximum-likelihood estimator
of /\i =\

Maximum-likelihood estimators are asymptotically normal, and so, asymp-
totically, each p; is normally distributed. But due to the fact that eigenvalues
are ordered, the eigenvalues are not identically and independently distributed.
However:

1 1 1 1
E(u) > D E(pq) <2—7 but E(u) — — and E(pg) — —.

Furthermore the eigenvalue variances are not the same. And from simula-
tions of large samples of n observations (n = 100, ..., n = 10000), we notice that
the convergence of the eigenvalue distribution to a normal one is slow, especially
for the extremes (p1 and fi4), even for very large samples [4].

4.2. Distribution of eigenvalues in MCA under non-independence
hypotheses

4.2.1. Distribution of the theoretical eigenvalues

Let s+ be an eigenvalue of D™'X’X. Since p can be also obtained by
diagonalization of %XD‘lX’, 1 is a solution of %XD‘lX’z = z, where z is an
eigenvector associated to p.
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So

1 (& - 1 o
2—9( X (X;X;) 1X{>z:uz = Z;ZBZ: Lz,
=1 i=1

)

P

where P, = Xi(X{XZ-)le{ is the orthogonal projector on the space spanned
i=1

by linear combinations of the indicators of variables categories X;.

Let A; the centered projector associated to P;:
11 ... 1

Lo
A, =P — —— where 1p,,m, =
n

And so we get

AR

P
ZA,-Z =puz.
i=1

4.2.1.1. The Case of two-way interactions

Let us assume that among the p studied variables, there is a two-way inter-
action between X; and X}, and that the (p —2) reminding variables are mutually
independent. Multiplying equation (4) by A; we get:

1
—(AjAl—l-AjAQ—‘r-“—l-AjAj—i----—|—AjAk—I—---—l-AjAp)Z = ,u,Ajz,
b 0 0 Aj 0

J

since all variables are pairwise independent except X;, X}, and the A; are or-
thogonal projectors. Thus:

(5) AjApz = (pu—1)A;z.

Similarly, multiplying (4) by A, we get:
(6) ApAjz = (pp—1) Az .

Now let us multiply (5) by Ax to get:
ApAjAz = (pu—1)ALAj 2 .

Using (6) we obtain

AkAjAkZ = (pu—l)Q k2 .

21 zZ1
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With the notation A = (pu — 1)2, we finally write:

(7) AkA] 21 = AZl .

Equation (7) implies that A is an eigenvalue of the product of the centered
projector Ay A; associated to the eigenvector 2.

In general: Vj,k=1,...,p, if there is an interaction between X; and Xj,
the orthogonal projector A;A; admits a non zero eigenvalue A = (p o — 1)2.
fANA0e u# %, the trace of Burt table being constant, there is, at least,

another eigenvalue not equal to %.

Let ng be the number of eigenvalue non equal to %, so that Y /0 \; = %.

Theoretically, (except for the particular case, where A = 1, for which we
have p = % and p/ = 0), the number of non-trivial-eigenvalues greater than % is

equal to the number of non-trivial eigenvalues smaller than %.

The eigenvalue diagram shape is shown on Figure 3:

AT Eigenvalues diagram

Al Sk sk sk sk sk sk sk sk sk sk sk sk skosk sk sk sk sk kR skoskoskoskoskoskosk
AQ >3k sk ok >kok sk sk ok skok sk sk kokosk sk ok skokosk sk koksk sk
Ag Skoskosk koo sk sk sk sk skosk sk skoskoskoskoskoskoskoskoskoskoskosk

A4 > 3kosk sk ok >kok sk sk ok skok sk ok kok sk skosk kokoskosk ok

A5 skookosk sk sk sk skoskoskoskosk sk skoskoskoskoskoskoskoskoskoskoskosk

: koK sk ok okokook sk ok Kok sk ok kokoskok

Aq skookoskoskoskoskoskoskoskoskoskoskoskoskoskosksk

Figure 3: Theoretical eigenvalues diagram in two-way interaction case.

The number ng depends on the number of categories of X; and Xy, on the
number of variables and on the number of dependent variables.

Let n; be the multiplicity of %, we will show that n;= ¢ — 2min((m;—1);
(mr—1)), when p > 2, and when there is only one two-way interaction between
the variables.

This result can be shown as follows:

Let us consider equation (4), and suppose, without loss of generality,

that X and X5 are dependant. So, upon multiplication by As: % P LAz =z

becomes %(A;),Al + A3Ag + AzAs+ -+ A3Ap) z = pAs z, and we get u = %.
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Now multiply equation (4) by Ay and A; in turn to get:

(A1As+ A1 Ay + A Ay -+ A Ap) 2 = ppds 2
<
(AgAl + Ag Ay + As A+ -+ + AgAp) z = pulsz

(A1 +A1A2) 2z = ppuAiz
<~
(A2A1+A2)z =puAsz

AlAQb = Az
<~
AsA1b = Az

where A= (pu—1)2, a= A1z and b= Ay z.

We recognize here the CA equations, so that the CA of Burt tables, when
only two variables are dependent is equivalent to the CA of the contingency
tables crossing the two dependent variables. It is well known that the number of
eigenvalue in CA equals ¢ — 2min((m; —1); (my—1)), and for all non trivial A;,
there corresponds the values u; and ) such that:

1+ /
= and =
p p

Finally, the CA of the Burt table may have 2 min((m;—1);(m;—1)) eigenval-
ues non trivial and not equal to 119, associated to the CA of the contingency table.
So the number of supplementary eigenvalues equals ¢ — 2min((m;—1); (my—1)).

There is, in addition, one ni multiple eigenvalue, where n; is at least
q = 2min((m; — 1); (mg — 1)).

4.2.1.2. The case of higher order interactions

Since the Burt table is constructed with pairwise cross products of variables,
its observation cannot give us information about multiway interactions.

However the observation of the bi-dimensional theoretical Burt sub-tables,
for all pairwise variable combinations, can provide us with all the two-way inter-
actions.

The theoretical Burt table can reveal the existence of higher order interac-
tions in the following case:

If Bij 7§ Bu lm]-ijjj and sz ;é BZZ lmkkakk: there may be a triple
interaction between X;, X; and Xj.

In general, a Burt table doesn’t give either the order of the interactions, or
supplementary information on the eigenvalue behavior.



60 S. Ben Ammou and G. Saporta

4.2.2. Distribution of observed eigenvalues

Exceptionally, with a small number of interactions, we observe the par-

ticular shape of the eigenvalue diagram exhibited in Figure 4, where we can
distinguish eigenvalues near % (theoretically equal to %), and so we are able to

recognize the existence of the independent variables in the analysis.

Ar Figenvalues diagram

AL | sokstotokotokskoskskoskskofsk otk sk ks stk ok sk ok
A2 | sskskotokokoskkosk sk sk sk sk sk sk sk ok ok ok
A3 | sokskoskoskskokstokoskkosk ok sk ko sk fok ok

AL | sokskoskokoskokoskskoskok sk ok ok sk sk ok ok

A5 | sokskokskokskskokstokskokok sk kok sk ook

: sokokookokokokok ok ok ok ok ok

_ stk fokokok sk ok sk ok ok ok

A | Rk ok

Figure 4: Observed eigenvalues diagram in a two-way interaction case.

When the number of interaction grows, we cannot distinguish eigenvalues
theoretically equal to }D from the eigenvalues non equal to %.

To detect the existence or interactions, we can first check if the observed
variables are mutually independent. In that case, the eigenvalues distribution
diagram should have a particular shape (see §4.1.), with more than 95% of the
eigenvalues within the confidence interval % +20 (see §4.1.1).

If there is one or more eigenvalues out of the confidence interval, we can
then assume the existence of one or more two-way interaction between variables.

5. AN EMPIRICAL PROCEDURE FOR FITTING LOG-LINEAR
MODELS BASED ON THE MCA EIGENVALUE DIAGRAM

We propose an empirical procedure for progressively fitting a log-linear
model where the fitting test at each step is based on the MCA eigenvalues dia-
gram.

Let X;, X; and X}, three categorical variables, with respectively m;, m;
and my, modalities, and let a cross variable with (m; xm;) modalities. We suppose
that X;; and X}, have the same behavior if m; = m; x m;.
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Under the hypothesis that two dependant variables X; and X; have the
same behaviour as the variable X; with the same characteristics of the cross
variable X;;, we propose here an empirical procedure for fitting progressively,
with p steps, the log-linear model where the fitting criterion at each step is based
on the MCA eigenvalue diagram. Distribution of observed eigenvalues

5.1. Description of the procedure steps

The first step of the procedure consist to test the pairwise independence
hypothesis of the variables. To detect existence of interactions, we must first
check if all variables are mutually independent. For that matter, we calculate the
eigenvalues of MCA on all the p variables, and construct the related confidence
interval: the eigenvalue distribution diagram should have a particular shape (cf.
§4.1.). If all the eigenvalues belong to the confidence interval % +20 (cf. §4.1.1),
we can conclude that the p variables are mutually independent. The log-linear
model associated to the variables is a simple additive one:

log[fp(X)] = uo(z) +Zuz’($) ;

and the procedure is stopped.

If one or more eigenvalue are not in the confidence interval, we conclude
that there is at least one double interaction between variables, and we go to the
second step of the procedure.

In the second step, we look at all two-way interaction u-terms. We isolate
one variable amongst the p variables that we note X,,, without loss of generality,
and so we obtain a set of (p—1) variables X;, and apply the first step to test
pairwise independence of the (p—1) variables.

If the (p—1) variables are independent, we can conclude that the doubles
interactions are amongst X, and at least one of the X;, so we construct corre-
spondent cross variables X;, by using the first step to test independence between
variables (X;, X,) where i=1,...,p—1. The log-linear model associated to the
variables is:

p

p—1
log[fp(X)] = uo(@) + Y _wi(x) + > uip() by
=1

=1

and the procedure stopped, (with d;, =1 if the interaction between X, and X;
exists, otherwise it is set to zero.)

If the (p—1) variables are not independent, we can conclude that there is
double interaction between X; and X; where 4, j=1, ..., p—1, and perhaps between
X; and X,
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We can construct correspondent cross variables X;, and X;; by using the
first step to test independence of variables (X;, X,,) and variables (X;, X;) where
1,7 =1,...,p—1. The log-linear model associated to the variables is:

P p—1
log[fp(X)] = uo(x) + Z wi(x) + Z wip() dip + terms due to the interaction
i=1 i=1

between three or more variables

and we go to the third step of the procedure

In the third step, we look at three-way interaction u-terms, by testing the
dependence of variables X; and cross variables X, where 4,7,k = 1,...,p and
i,J, k are different, and construct cross variables X;;;. The independence test is
based on the eigenvalue pattern of the related MCA as described in the first step.

Continuing this way, in the k' step, we look at k-way interaction u-terms,
and in the least step we look at the p-way interaction u-term.

This algorithm is summarized in Figure 5.

5.2. An example for a graphical model

For this example we use a data set given by Haberman [24] that was used in
Falguerolles et al. [14] to fit a graphical model. The data reports attitudes toward
non therapeutic abortions among white subjects crossed with three categorical
variables describing the subjects.

The data set is a contingency table observed for 3181 individuals, crossing
four three modality variables X, X, X3 and X4, defined in Table 1.

The first step of the procedure consists of testing the pairwise indepen-
dence hypothesis of the variables. We first transform the contingency table in
a complete disjunctive table, then calculate the parameters (defined in §2.1 and
§4.1.1) needed for the test (Table 2).

MCA on the four variables gives the eigenvalues diagram of Figure 6.

The shape of eigenvalues diagram refers clearly to the existence of depen-
dent variables.

Eigenvalues A1, A7 and Ag are not in the interval I., so there is at least two
dependent variables: there is one or more two-way interactions between variables.
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Table 1: Attitudes toward non therapeutic abortions among white.

Year Religion: Education Attitude: X4
X4 X5 in years: X3 | positive mixed negative
1972 | northern Protestant <8 09 16 41
9-12 85 52 105
> 13 77 30 38
southern Protestant <8 08 08 46
9-12 35 29 54
> 13 37 15 22
Catholic <8 11 14 38
9-12 47 35 115
>13 25 12 42
1973 | northern Protestant <8 17 17 42
9-12 102 38 84
>13 88 15 31
southern Protestant <8 14 11 34
9-12 61 30 59
>13 49 11 19
Catholic <38 06 16 26
9-12 60 29 108
>13 31 18 50
1974 | northern Protestant <8 23 13 32
9-12 106 50 88
>13 79 21 31
southern Protestant <8 05 15 37
9-12 38 39 54
> 13 52 12 32
Catholic <8 08 10 24
9-12 65 39 89
>13 37 18 43

Table 2: Parameters needed for the test
(first step of the example for a graphical model).

o Dol [l [l w [ = [ % |

13181 [4] 3 | 3 [ 3] 3 |8]025]00100][0.2283 02717 |

A1 = 0.3221 | ssrsksrsksrskroksskkokkokokokokkkk ok ok ko
Ao = 0.2704 | sokskoksroksksorskokskoksokok sokokok ok

Az = 0.2599 | sksksrsksrsksokskokkokkokkokkk ok

s = 0.2531 | sokssokskskksrkkkkkokkxok

A5 = 0.2451 | soksksoksksoksksrokkskokkokokx

A6 = 0.2393 | seksksksrskokoksksrokokkkoskokok

A7 = 0.2277 | soksksoksksokkskskkskskkok

Ag = 0.1823 | sksksoskksroskkskok

Figure 6: Eigenvalues diagram
(first step of the example for a graphical model).
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The second step consists of the detection of two-way interactions. In a
first time, we use our first step with only three variables X7, X2 and X3.

With the values of n and m; (for i =1,...,3) still the same, the other
parameters become (Table 3):

Table 3: Parameters for the test
(second step of the example for a graphical model).

o]l m | o [ o |
| 6] 0.33333 | 0.0118 | [0.3007, 0.3569] |

We get the following eigenvalue diagram (Figure 7):

A1 = 0.36006 | soksksksiokskokskoskokskokskokok sk skskok sk skskok sk ok
Ao = 0.3448 | soksksskskskokskskskoksk stk kokokkskok ok ok
Az = 0.3385 | soksksoksksroskkskoskokokskokokkkokkkokkk
A = 0.3305 | soksksoksskksrok ook kokokkokokkok

A5 = 0.3025 | sekskskokoksroskoksroskokskoskkokskokskok ok

Figure 7: Eigenvalues diagram
(second step of the example for a graphical model).

A1 and A5 are not in interval .., so there is one or more two-way interaction
between X1, X5 and X3, as also as interactions between X4 and others.
In a second step we look at the interactions between X4 and X; (i = 1,2, 3).

For i =1 to ¢ =3 we look at the eigenvalues of the MCA of X4 with X,
and calculate their variances and intervals I..

Crossing X; with X4 we get (Table 4):

Table 4: MCA on X; and X4 (parameters and eigenvalues).

alm| o [ L [ x| % [ A [ A
| 4] 05| 0.0125 | [0.4750, 0.5250] | 0.5389 | 0.5156 | 0.4644 | 0.4611 |

Crossing Xy with X4 we get (Table 5):

Table 5: MCA on X5 and X4 (parameters and eigenvalues).

alm | o [k [ n ] % [ % | A
[ 4] 05| 0.0125 | [0.4750, 0.5250] | 0.5741 | 0.5076 | 0.4924 | 0.4259 |
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Crossing X3 with X4 we get (Table 6):

Table 6: MCA on X3 and X4 (parameters and eigenvalues).

alm| o | L [ M [ e | A [ M
| 4] 0500125 | [0.4750, 0.5250] | 0.6112 | 0.5041 | 0.4959 | 0.3979 |

In the three cases, A1 and A4 are not in the intervals I., so there is a two-
way interaction between X7 and X4, X9 and X4 and between X3 and X4, so we
can construct cross variables Xy4; having 9 modalities (i = 1,2, 3).

Now, we use the first step with only two variables X; and Xs, after we look
for interactions between X3 and X; (i = 1,2).

Crossing X; with Xy we get (Table 7):

Table 7: MCA on X; and X, (parameters and eigenvalues).

alm | o [t [ ] % [ X | A
| 4] 0500125 | [0.4750, 0.5250] | 0.5153 | 0.5045 | 0.4955 | 0.4848 |

All the eigenvalues are in the confidence interval, so X; and X5 are in-
dependent conditionally on the other, and there is no cross variable Xi5. The
corresponding u-term w12 equals to zero.

Let us now look, when i = 1 and i = 2, at the eigenvalues of the MCA of
X3 with X;, with their variances and intervals I.:

Crossing X with X3 we get (Table 8):
Table 8: MCA on X; and X3 (parameters and eigenvalues).

alm | o [t [ ] e [ X | A
| 4] 0500125 | [0.4750, 0.5250] | 0.5134 | 0.5023 | 0.4978 | 0.4866 |

All the eigenvalues are in the confidence interval I., so X; and X3 are
independent conditionally on the other, and there is no cross variable Xi3: the
corresponding u-term w13 equals to zero.

Crossing now Xy with X3 we get (Table 9):
Table 9: MCA on X, and X3 (parameters and eigenvalues).

alm | o |t [ ] e | X | A
| 4] 0500125 | [0.4750, 0.5250] | 0.5401 | 0.5128 | 0.4872 | 0.4599 |

Here, A1 and A4 are not in the interval I, so there is a two-way interaction
between X5 and X3, uog is not set to zero, and we can add the cross variable X359
(as well as Xo3) with 9 modalities to the model.
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The third step consists of the detection of triple interactions between
variables, that is to two-way interactions between the variables X; and the cross
variables X .

We first put the cross variables (Xy1, X42, X43, X32) with the initial vari-
ables that were deemed non dependent in the second step of the procedure, i.e. Xy
and X5, and then we use the first step of the procedure with the set of obtained
variables.

So we get the following results (Table 10 and Figure 8):

Table 10: MCA on Xl, XQ, X41, X42, X43 and X32
(parameters third step of the example for a graphical model).

ol m | o | L |

36 | 0.1667 | 0.0168 | [0.1331, 0.2003] |

A1 = 0.5201 | ssksksksksroskokskokskokoskskokoksk ok skokok ok ok
Ao = 0.5006 | sk ok ok kk
Az = 0.3447 | sxkcrskosokksokkokkkokok

Mg = 0.3347 | ssskoksksokokskokskokoskkskokok ok

A5 = 0.3303 | swsksksroksksrokksrokkskokkok ok

Ao = 0.3193 | sssksskoksoksksokkskokkokok

A7 = 0.1810 | ssksskoksonsrssk

Ag = 0.1796 | sk

Ag = 0.1732 | ssskoksksksrokokksk

Ao = 0.1710 | ssxsksskkokkskksk

A1 = 0.1664 | sxkssroksorokkk

A2 = 0.1627 | sxkssrkkrkskk

A13 = 0.1626 | ssskosroksskokskok

A1g = 0.1578 | ssskoksksksrokokkk

A1s = 0.1538 | ssksksksksokokksk

A = 0.1423 | sxsksksnsknk

Figure 8: MCA on Xl, XQ, )(417 )(427 X43 and X32
(eigenvalues diagram, third step of the example for a graphical model).

The first six eigenvalues are not in I.: there is one or more two-way inter-
action between the initial variables X;, and the crossed ones X, so there exists
a triple interaction between simple variables.
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We drop X3o and use the first step with the five other variables to get the
following results (Table 11 and Figure 9):

Table 11: MCA on Xl, )(27 X41, X42 and X43
(parameters for the test).

la|lm| o | 1 |
| 28] 0.2 ] 0.0162 | [0.1671, 0.2324) |

A1 = 0.6105 | ssksksskokstoskskstokskoroskkokoskkokokkok sk kok
Ao = 0.6006 | ssksksksksrskokskokskokoskkokoksk sk skokok ok kokok
A3 = 0.4143 | sskrskskrskskrsok

s = 0.4028 | srskssrksskskskkskkk
A5 = 0.3982 | sssksskkssksksskksskkk
A = 0.3831 | sxsksksmsksskkokkokkk
A7 = 0.2262 | sxkxkkkkksk

Ag = 0.2220 | skxsksokskokkskk

Ag = 0.2162 | sxskcsroknskoksk

Ao = 0.2083 | sk

A11 = 0.2054 | ssxokoksksksrokok

A2 = 0.2017 | ssksksokksok

A13 = 0.1952 | skskokokokokokok

A1g = 0.1986 | ssxskoksrskonskok

A1 = 0.1952 | sesskoksksksrokok

A = 0.1928 | ssxskoksksksrokok

A17 = 01878 | ssskskskoksk

A1g = 0.1837 | sskskskskoksnok

A1g = 0.1815 | sskskskskoksnok

Aog = 0.1711 | ssskoksksksrok

Figure 9: MCA on Xl, XQ, X41, X42 and X43
(eigenvalues diagram, third step of the example for a graphical model).

The first six eigenvalues are not in I., so there is at least one two-way
interaction between the variables. We know that simple variables X7, X2 and
the crossed variables X41, X402, X43 are dependent so we have to test dependence
between X; and Xso only. Crossing X; and X390 we get the following results
(Table 12):

Table 12: MCA on X; and X35
(parameters and eigenvalues).

L a [ m [ o | I |

| 10 | 05 ]0.0159 | [0.4682, 0.5318] |
’/\1‘)\2‘/\3‘/\4‘)\5|/\6‘)\7|/\8‘)\9|)\10’
|

0.5287 | 0.5194 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.4806 | 0.4713 |
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All the eigenvalues are in the confidence interval I., so X; and X3, are
independent conditionally on the other, and there is no cross variable Xi3o.
The corresponding u-term w23 equals zero.

Now we can drop the cross variable X43. The remaining variables X, Xa,
X41, X490 are dependent by construction. We have only to test for dependence
between X7 and Xy3.

Crossing X; with X3, we get the same parameter as the crossing of X,
and X3, and the following eigenvalues (Table 13):

Table 13: MCA on X; and X3 (eigenvalues).

Lon [ [ [ [ [ [ oa [ | x| dwo |
| 0.5445 | 0.5232 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.4768 | 0.4555 |

We remark that A1 and Ay are not in the interval I., so X and X43 seem
to be dependent. But we have to fit a graphical model, that is a particular case
of hierarchical models (as defined in §2.2.2.2, a log-linear models is hierarchical
if, whenever one particular u-term is constrained to zero then all higher u-terms
containing the same set of subscripts are also set to zero).

Here the u-term w13 is set to zero, so the u-term wuq34 is also set to zero.
Crossing X9 with X3, we get the same parameter as the crossing of X,

and X392, and the following eigenvalues (Table 1/4):

Table 14: MCA on X3 and X3 (eigenvalues).

Loy [ [ [ [ [ [ oa [ x| x| dwo |
| 0.5871 | 0.5466 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.4534 | 0.4143 |

Eigenvalues A1, A2, Ag and Ajg are not in the interval I., the u-terms wusog
and ugy are not set to zero, and since Xo and Xy43 are not dependent the u-term
U234 18 not set to zero.

Crossing X7 with X9 (or equivalently Xy with X41) we get the same pa-
rameter as the crossing of X; and X392, and the following eigenvalues:

Table 15: MCA on X; and X4o (eigenvalues).

Loy e T [y [ | ox [ oa [ [ x| d |
| 0.5434 | 0.5289 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.4711 | 0.4566 |




70 S. Ben Ammou and G. Saporta
Eigenvalues A\; and \jg are not in the interval I., the u-term w14 is equal
to zero, X1 and X4o are dependent, and the u-term wq94 is set to zero.
Finally, variables X; and X4; are dependent by construction.

The procedure stops here because we can’t have more than triple interac-
tions in a hierarchical model when all the two-way interactions are not present.
We obtain the following model (see Figure 10 for the associated graph):

A2

Figure 10: Lattice diagram (example for a graphical model).

P

log[f4(X)] = U+ UIT1 + U2 T2 + U3 XT3 + U4 T4 + U2 T2X3 + U41X4X1 + U42 T4T2

+ U43 4T3 + U432 T4T3T2 -

5.3. An example for a saturated model

Here we use a data set given by Israéls [29] that was also used by Van der
Heijden et al. [28] about ‘shop-lifting’ habits.

Table 16 is a contingency table crossing three variables: sex (2 modalities),
age (9 modalities) and type of goods (13 modalities: Clothing (C), Clothing
accessories (Ca), Provision-Tobacco (PT), Writing materials (Wm), Books (B),
Records (R), Household goods (Hg), Sweets (S), Toys (T), Jewellery (J), Perfume
(P), Hobbies tools(Ht), and Others(O)) observed over 33 101 individuals.

In the first step, we test the pairwise independence of variables X7, X9 and
X3. We first transform the contingency table in a complete disjunctive table,
then compute the parameters (defined in §2.2 & §4.1.1) needed for the test to
get (Table 17).

A MCA on the three variables gives the eigenvalue diagram of Figure 11.

The eigenvalue diagram shows clearly that the variables are not indepen-
dent: only 8 eigenvalues (A7, ..., \15) are in the confidence interval.

Using the second step of the procedure, we get the two-way interactions.



Figure 11: MCA on X, X5 and X3

(eigenvalues diagram, third step of the example for a saturated model).
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Table 16: Multicontingency table for the shop-lifting data.
Sex: Age: Goods: X3
Xi X, | C |[Ca|PT|[Wm|B|R|Hg|[s|[T]J]P]|H]O
<11 81| 66| 150 | 667 | 67| 24| 471|430 | 743 | 132 | 32| 197 | 209
12-14 | 138 | 204 | 340 | 1409 | 259 | 272 | 117 | 637 | 684 | 408 | 57 | 547 | 550
15-17 | 304 | 193 | 229 | 527 | 258 | 368 | 98 | 246 | 116 | 298 | 61 | 402 | 454
1820 | 384 | 149 | 151 84 | 146 | 141 61 | 40 13| 71 52 | 138 | 252
Male 21-29 | 942 | 297 | 313 92 | 251 | 167 | 193 | 30 16 | 130 | 111 | 280 | 624
30-39 | 359 | 109 | 136 36| 96| 67| 75| 11| 16| 31| 541|200 | 195
40-49 | 178 | 53| 121 36| 48| 29| 50 5 6| 14| 41 |152| 88
50-64 | 137 | 68 | 171 37| 56| 27| 55| 17 3| 11| 501|211 | 90
> 65 45 | 28 | 145 17 | 41 71 29| 28 8 10| 28 | 111 | 34
<11 71 19| 59| 224 19 71 22137113 (162 | 70 15| 24
12-14 | 241 | 98 | 111 | 463 | 60| 32| 29 | 240 | 98 | 138 | 178 | 29 | 58
15-17 | 477|114 | 58 91 50 | 27| 41 80 14 | 548 | 141 9| 72
18-20 | 436 | 108 | 76 18 32| 12| 32| 12| 101|303 | 70| 14| 67
Female | 21-29 | 1180 | 207 | 132 30| 61 21 65 16 12| 741|104 | 30| 157
30-39 | 1009 | 165 | 121 27 | 43 9| 74| 14| 331|100 | 81 36 | 107
40-49 | 517 (102 | 93 23| 31 7| 51| 10 8| 48| 46| 24| 66
50-64 | 488 | 127 | 214 271 57| 13| 79| 23| 17| 22| 69| 35| 64
> 65 173 | 64 | 215 13| 44 0| 39| 42 6 12 | 41 11 55
Table 17: Parameters needed for the test
(first step of the example for a satured model).
Ln [p[mfm[ms|g| m | o | I, |
133100 [ 3] 2 [ 9 | 13 ]21]0.3333 ] 0.0061 | [0.3211, 0.3455] |
AL = 0.5759 | soksssksorskssrokskorokkokskkok otk otk stk stk ok ok ok otk otk kb ok ok ok o
Ao = 0.4256 | sokskskoksrokosksokskokskokskokok sk skok sk ok skok sk ok skok ok ok ok ok
Az = 0.3960 | ssksksksksksoskskorokkskokkskokkskokokokskokok otk ok ok
Ag = 0.3899 | skoksksksrokoskokskokosk sksksk sk sk ok skokok sk sk skok sk ok skok sk ok
A5 = 0.3542 | sekskskskoksrskokskskokskokokskosk ok sk kok ok Kok ok kok
e = 0.3494 | sskskskskokssoksksnokkskokkskok ok sk kok ok Kok ok kok
A7 = 0.3407 | scksoksoksoksokskskokoskkok ok fokfokfok ok
Ag = 0.3384 | sokoksksksrokoskskskokoskskokskok sk sk skokok sk kskok ok
Ag = 0.3344 | ssrkstsrokoskoksoskokskokfskoskokkokokok
A10 = 0.3333 | ssrskskskokskoskoskskokskskokkkokokkokkok
A11 = 0.3333 | sskskskokstskoskskok stk kkokkkokkk
A2 = 0.3333 | sroksksksrokokskskskokskokskokok ok skokok
A13 = 0.3322 | skksksskoksroskorsokokskok ok kokokok ok
Aa = 0.3271 | sk sk korokkokkkokkx
A1s = 0.3260 | srsksrosksrskssksroskokskokokdok ok ok
Mg = 0.3177 | sswskokssksroksksksrokskokkskokoskkok
A17 = 0.3103 | ssksksskskossksksok sk kkok ok
A1g = 0.2802 | sesrskssksokskokskokkokkokkokok
A1g = 0.2632 | sskskssksksroksksrokkskokkk
Agg = 0.1925 | ssksksokskskkksk
A1 = 0.1423 | sokoksksksrok
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MCA of X; and X3 gives the following results (Table 18 and Figure 12):

Table 18: MCA on X; and X3
(parameters).

o plalw] - [ & ]
33101 | 2| 13 | 0.5 | 0.00002 | 0.5000, 0.5000] |

AL = 0.7032 | sessksoksoskokskkokokokoksk ks kok ok okt ok otk kb okokok kbR ok kK k%
Ao = 0.5000 | ssrskoksksksrskskokskokskskokskokosk ok kokokskokk
Az = 0.5000 | sksxsksosksokskokskokokskokskskokskokskkokkokx
s = 0.5000 | sskskssksksskssokksokkkkokkkokokkxk
A5 = 0.5000 | skskoskokskskosroskskokskokskskokskok sk ok skokok sk ok ok

A = 0.5000 | sokskstskskssosk stk skskokkskskkokoskkok sk kok
A7 = 0.5000 | sskskskskskssokskskokkskokkokskksk ko ok sk kok
Ag = 0.5000 | skssksosksokskokskokskskoskskskskskkoskkokkokk
Ag = 0.5000 | sesrsksroskssoksosksokskokskokkokkokkok ok
A10 = 0.5000 | skskskskskskoskoskskskskok sk skskok ok sk ok skokok
A11 = 0.5000 | ssrskskskskskskoskskoskskskokskoskok ok ok ok
A2 = 0.5000 | sk skokskok sk koxskok ko kokok
A13 = 0.2968 | sskkskokkskokx

Figure 12: MCA on X; and X3
(eigenvalues diagram, second step of the example for a saturated model).

The first and the last eigenvalues are not in the confidence interval so the
u-term w13 is not set to zero.

We notice here the peculiar form of the eigenvalues diagram, due to the
fact that multiple eigenvalue \ = % that have a multiplicity 11 = mg — m is an
artificial one (cf. §4.2.1.1).

MCA of X, and X3 gives the following results (Table 19 and Figure 13):

Table 19: MCA on X5 and X3
(parameters).

o lpfalm] o | & |
33101 | 2 | 20 | 0.5 | 0.0001 | [0.4998, 0.5002] |

The 8 first and the 8 last eigenvalues are not in the confidence interval so
the u-term uo3 is not set to zero.
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A1 = 0.7852 | sokskskoksrokoksokskokskokskok ok ok skok sk ok skok ok ok skok sk ok skokok ok skok o
Ao = 0.6074 | soksksoksrokokskoskokskskokskok sk okskokok ok skok ok ok okok ok ok

Az = 0.5903 | sskskskskokssokssroskokskosk ok sk kokkkokkkok ok kok ok

Mg = 0.5346 | sokoskskoksrokokskskosksk sk skok sk sk skokok sk skok ok

A5 = 0.5245 | ssrskokskskosroskoskskskokskkskskokosk ok skokok sk kok

Ag = 0.5112 | sskskskskokssksksok sk kokoskkokokkokok ok
A7 = 0.5109 | ssksksksksksoskskssoksksokkskskkokoskkokok ok
Ag = 0.5019 | sskskskskokstskoskskokskskokkskoskokokok ok ok
Ag = 0.5000 | sesksksrsksrskssksokskokskokkokkok ok

A10 = 0.5000 | sksrskoksksksrokskskskokoskskkskokok ok k

A11 = 0.5000 | sskskstsksksosk sk skoskokkskokkokok

A2 = 0.5000 | ssrskokskskskokskskskokskskokskokokkx

A13 = 0.4981 | skssksosksoskokoskskskskskokskskkokk

A1a = 04891 | sssksksrsksksksksnskskskokskskokk

A5 = 0.4888 | setsksotskokorsioksiorskokoksdoksk

A6 = 0.4755 | sskskssksssok sk kskokkok ok

A17 = 0.4654 | ssksksksksksnoksksokkkokkk

Mg = 0.4007 | sxskrskkskkkkrs

A1g = 0.3926 | sskskskskoksnskokskok

Ao = 0.2148 | sskokkx

Figure 13: MCA on X5 and X3
(eigenvalues diagram, second step of the example for a saturated model).

MCA of X; and X9 gives the following eigenvalue results (Table 20, Figure 14):

Table 20: MCA on X; and X,
(parameters).

L n lpla[m| o | & |
133101 | 2 [ 9| 0.5 | 0.0037 | [0.4926, 0.5074] |

AL = 0.6241 | sokssrssrosrsksrskssksokkokkokdokdokkok ok kok ok ok ok kot ok ok ok 4ok
Ao = 0.5000 | skskstsrokoskskskskokskskskokosk sk skskok sk sk kokok
Az = 0.5000 | soksskokskoskskskok sk kokoskkskokkok ok kok ok
Mg = 0.5000 | skokskoksrokoskskokskok sk sk skok sk sk skok ok ok kok ok
As = 0.5000 | soksksksksksksrskskoskskosk ok skokskok ok kok ok ok
A = 0.5000 | sokssrosksosksksosk sk korosk kokskkok ok kok ok
A7 = 0.5000 | soksksksrokoskskskskokskskskoksk sk kskok sk sk kok ok
Ag = 0.5000 | soksskokskoskskskok sk skokokkskokkokosk ok

Ag = 0.3759 | sk

Figure 14: MCA on X; and X,
(eigenvalues diagram, second step of the example for a saturated model).

The first and the last eigenvalues are not in the confidence interval so the
u-term w19 is not set to zero. At the end of the second step, we obtain all three
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two-way interactions. To know if the model is a saturated one we can built one of
the crossed variables and test its dependence with the remaining simple variable.

MCA of X390 with X; gives the following eigenvalues:

A =07285, X=X3=---=MA15g=05,
A7 =0.2715  and I, = [0.4615, 0.5384] .

The first and the last eigenvalues are not in the confidence interval so the
u-term wuq93 is not set to zero.

At the end we get the following saturated model:

log[f3(X)] = wo + w11 + ug 2 + u3 T3 + U2 T1x2 + Uz T2T3 + U3 T1X3

+ U123 T1T2x3 -

5.4. An example for a mutual independence model

Here we use a data set given by Andersen [2] as a contingency table cross-
ing four variables observed over 299 individuals corresponding to a retrospective
study of ovary cancer, defined in Table 21:

Table 21: Retrospective study of ovary cancer.

X1 Xo X3 Xy

stage operation survival X-ray
No Yes
Early radical no 10 17
limited yes 41 64
no 1 3
yes 13 9
Advanced radical no 38 64
limited yes 6 11
no 3 13
yes 1 5

In the first step of procedure, we test for the pairwise independence of
variables X7, X9, X3 and X4. We first transform the contingency table in a
complete disjunctive table, then compute the parameters (see §4.1.1) needed for
the test.
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The MCA on the four variables gives the following results ( Table 22 and Figure 15):

Table 22: Parameters needed for the test
(first step of the example for a mutual independence model).

o fefmme mmifa]m | o | L |

1200 [a] 2 [ 2] 2] 2 4]025]0.0250 | [0.2000, 0.3000] |

A1 = 0.4145 | soksksoksksrokskorok sokok dokokkokok ok sk kok otk fokok %okok
Ao = 0.2512 | soksksorskoksoksokokskokskokoskkoxok

A3 = 0.2449 | ssrsksrsksrsksoksokkokkokkokkk

Ag = 0.0894 | soksksksrokskonsk

Figure 15: MCA on X, X5, X35 and X4
(eigenvalues diagram, first step of the example for a mutual independence model).

The eigenvalue diagram shows clearly that variables are not independent,
only Ao and A3 are in the confidence interval.

Let’s drop X4 and use the second step of the procedure. MCA on the three
remaining variables gives the following results (Table 23 and Figure 16):

Table 23: MCA on X, X5 and X3
(parameters).

nlelaf m | o | L |
| 209 | 3| 3] 03333 | 0.0273 | [0.2787, 0.3879)] |

A1 = 0.3639 | soksksoksrokoksorskokskokskokok ok kokok
Ao = 0.3342 | sokskksskoksokskokoskkoxskok ok ok
A3 = 0.3019 | sksoksoksokskokskokkskokskskokskk

Figure 16: MCA on X;, X5 and X3
(eigenvalues diagram).

The eigenvalue diagram shows clearly that variables are independent, since
all the eigenvalues are in the confidence interval, so there is surely one or more
interaction X4 and X;, i=1,...,3.
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The MCA on X, and X; gives the following results ( Table 24 and Figure 17):

Table 24: MCA on X4, X;
(parameters).

o fpla|lm]| o | 1 |
1200 | 2] 20500283 | [0.4434, 0.5566] |

X, and X, | X, and X, | X, and X;
A1 = 0.5365  sxsorskksorokk | Ap = 0.8198  sokokskssokokkx | A = 0.50D58  skoksksoskokskokskok
Ao = 0.4635  sscksoksroksok Ao = 0.1802  sxx Ao = 0.4942 sk

Figure 17: Eigenvalues diagram for MCA on X, and Xj,
MCA on X4 and X5 and MCA on X4 and X3.

It’s clear that there exists only an interaction between X4 and Xo, X; and
X3 are non dependent of X4, then w14 = w13 = 0 and w9y # 0 and we build the
crossed variable Xoy4.

The MCA of X;, X3 and Xy4 gives the following results (Zable 25 and
Figure 18):

Table 25: MCA on Xq, X3 and Xo4
(parameters).

nlpla| m | o | L |
1200 | 3] 5] 0.3333 | 0.0273 | [0.2787, 0.3879] |

A1 = 0.3647 | sskokskoskskstsksksoskskokokkkokkkok ok
Ao = 0.3624 | sokosksoksrokskskorskokskokskokokkokokok ok
A3 = 0.3333 | sesoksoksokokokkokkskokskokkokkokk
Ag = 0.3047 | soksksksoskokskokskokskok sk sk kokskok
A5=0.3016 sokokokokokok ok sk ok ok ok ok ok koo ok ok

Figure 18: Eigenvalues diagram for MCA on X, X3 and Xo4.

The eigenvalue diagram shows that the variables are independent, all the
eigenvalues being within the confidence interval, and there is no triple interaction
between variables.

We finally obtain the same model as Andersen:

log[f4(X)] = uop + urw1 + ug T2 + uz T3 + Uy T4 + TogT4TH



Eigenvalues in MCA and Log-Linear Models 7

6. CONCLUSION

Log-linear modeling and MCA are two complementary techniques for the
analysis of categorical data. In this framework, we propose a method for fitting
progressively log-linear models, using the eigenvalue shape of MCA.

We show that, in MCA, under the independence hypothesis for the
variables, each observed eigenvalue is asymptotically normally distributed.
These distributions have the same mean, different variances and converge to
normal distributions. In this case, the eigenvalue diagram takes a peculiar shape.
This shape is different if there is one or more interactions between variables, and
we can recognize the log-linear model fitted for the data in some special cases.

Then, based on these results, we propose a simple procedure for progres-
sively fitting log-linear models, where the fitting criterion is based on MCA eigen-
value diagrams: the chosen model is constructed by successive utilizations of
MCA (non constrained by the variables number). Finally, we validate this pro-
cedure on three sets of data drawn from the literature.
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